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Energy Converters – CAD and System Dynamics

1. Basic design rules for electrical machines 

2. Design of Induction Machines

3. Heat transfer and cooling of electrical machines

4. Dynamics of electrical machines

5. Dynamics of DC machines

6. Space vector theory

7. Dynamics of induction machines

8. Dynamics of synchronous machines
Source: 

SPEED program
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Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

Source: 

H. Kleinrath, Springer-Verlag
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Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Electrically excited synchronous machine

Repetition

DC excitation via slip rings 

from a DC voltage 

via a controlled rectifier

Source: H. Kleinrath, Studientext

Three phase stator winding, 

rotor field and damper winding
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8. Dynamics of synchronous machines

Permanent magnet (PM) excited synchronous machine

Repetition

Cylindrical rotor with surface mounted rotor 

rare earth high energy magnets

6 pole rotor, 

4 magnets 

per pole

Source: Kuka, Germany

Source: 

Siemens AG, 

Germany

Application of inverter-fed PM synchronous 

machine as adjustable speed drive for 

driving robots
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8. Dynamics of synchronous machines

Air gap of synchronous machines

Repetition

Salient pole rotor synchronous machine 

with non-constant air gap

Rotor oriented 

d- and q-axis reference frame

Cylindrical rotor synchronous machine 

with constant air gap
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8. Dynamics of synchronous machines

Source: 

Siemens AG, Germany

Source: 

Andritz Hydro, Austria

Cylindrical rotor Salient pole rotor

Repetition
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8. Dynamics of synchronous machines

Steady-state Me(ϑ)-characteristic

Repetition

Assumptions: Neglected stator losses (Rs = 0), constant r.m.s. phase value Us,

constant stator frequency fs,         constant rotor flux

Cylindrical rotor synchronous machine Salient pole synchronous machine

stable
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8. Dynamics of synchronous machines

Transient operation of synchronous machine

Repetition

• Large transient disturbance: e. g. generator operation at the grid:

- sudden short circuits,

- voltage dips or oscillations due to switching,

- load steps on turbine or grid side etc. 
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c e=Stiffness” of ”torsion spring”:

Damper cage:

Damping of natural 

oscillations by induced 

damper bar currentsd,m

• Small transient disturbances lead to natural oscillations of load angle and rotor speed
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Energy Converters – CAD and System Dynamics

Summary: 

Basics of steady state and significance of dynamic performance of 

synchronous machines

- Repetition of bachelor course contents

- Salient versus cylindrical pole rotors

- Synchronous versus reluctance torque

- Electrically versus permanent magnet excited rotors

- Pull-out torque and stability limit

- Natural oscillations of rotors damped by damper cage
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Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Rotor air gap field of cylindrical rotor synchronous machine

Repetition

• Rotor field winding is excited by the DC field current If

• Rotor m.m.f. Vf(xr) and rotor air gap field distribution Bp(xr) have steps due to rotor slots

• FOURIER series gives the fundamental rotor field (µ = 1):
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• The fundamental rotor air-gap field is sinusoidal distributed.

• It may described by a space vector, fixed in the rotor reference frame.

Example: qr = 2 le
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8. Dynamics of synchronous machines

Cylindrical rotor synchronous excitation-stator transfer ratio

Repetition
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• Fundamental of rotor m.m.f. Vf(xr):

üIf: field current transfer ratio
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Rotor field winding self-

inductance Lfh due to 

fundamental air-gap field:
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8. Dynamics of synchronous machines

Cylindrical rotor synchronous machine: Rotor magnetic field

Magnetic rotor field, no-load  (Is = 0, If > 0):

- Field winding excited by If

- Stator winding without current (no-load)
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• Fundamental of rotor m.m.f. Vf(xr):

• Expressed with stator winding data (ms = 3):
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• Rotor m.m.f. space vector:
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Source: E. Fuchs, IEEE-PAS

Example:

2p = 2, qs = 6, qr = 6

d-axis

(Re-axis)

q-axis

Vf(t)
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8. Dynamics of synchronous machines

Stator and rotor m.m.f. and current space vectors
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8. Dynamics of synchronous machines

Magnetizing current space vector

Source: 

E. Fuchs, 

IEEE-PAS

Magnetic field at load  (Is > 0, If > 0):

Field winding excited by If ,

Stator winding excited by Is

Example:

2p = 2, qs = 5,

qr = 9

)()( ττψ mhh
ix ⋅=

Main stator flux linkage space 

vector:

field axis

In per-unit:

)()()( τττ mfs iii =′+

Magnetizing current 

space vector im

q-axis



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 17

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines
Stator flux linkage equation in rotor reference frame (d- and q-axis) 

without damper cage

Stator flux linkage:

Stator winding inductance:

(“synchronous inductance”)
dshs xxxx =+= σ

We assume constant iron saturation, so xh is constant.
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In rotor reference frame:
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8. Dynamics of synchronous machines

Space vector diagram in rotor reference frame (d- and q-axis)
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8. Dynamics of synchronous machines
Dynamic equations of cylindrical rotor synchronous machine 

without damper cage
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Stator zero sequence voltage system:

Separate zero-sequence flux linkage equation (not discussed here)
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8. Dynamics of synchronous machines

Saliency: Stator air gap field larger in d- than in q-axis

Repetition

- Fundamental stator m.m.f.                                          leads to non-sinus Bd(xs), Bq(xs) !

- Stator field at cylindrical rotor synchronous machine (air gap δ0): 

- Amplitudes of FOURIER-fundamental waves of Bd(xs), Bq(xs):

Air gap is LARGER in neutral zone (inter-pole gap of q-axis) than in pole axis (d-axis). 

Hence for equal m.m.f. Vs (sinus fundamental ν = 1) the corresponding air gap field is SMALLER

in q-axis than in d-axis and NOT SINUSOIDAL
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8. Dynamics of synchronous machines

Saliency: Different main inductances in d- and q-axis

Repetition
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- Stator main inductance of cylindrical rotor synchronous machine (air gap δ0):
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8. Dynamics of synchronous machines

Example: d-axis: Constant air-gap δ0 over bp: a) Rotor field

Rotor-side m.m.f. Vf(xs) of field-coil per rotor pole has the fundamental 

amplitude Vf,1:
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The fundamental m.m.f. yields along with air-gap δ(xs) the radial rotor air-gap 
field:
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The fundamental amplitude Bp,1 of the radial rotor air-gap field is:

pd

b

b

spsp
p

spssp
p

p BcdxxBdxxxBB
p

p

p

p

⋅=⋅⋅⋅=⋅⋅⋅= ∫∫
−−

2/

2/

2
1, )/(cos

2
)/cos()(

1 τπ
τ

τπ
τ

τ

τ

[ ] 1:For ,sin
1

===+⋅= dpp
p

p
d cb

b
aaac τ
τ
π

π

⊗•
Vf = Nf,PoleIf

-τp/2  -bp/2        0             bp/2   τp/2
xs

Vf(xs)

Vf

q-axis           d-axis            q-axis

-τp/2  -bp/2        0             bp/2   τp/2

Vf,1
Vf,1(xs)

xs

-τp/2  -bp/2        0             bp/2   τp/2

Bp

δ0

Bp,1

Bp(xs)

xs



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 23

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines

Example: d-axis: Constant air-gap δ0 over bp: b) Stator field

Stator-side m.m.f. Vs(xs) of ms–phase (three-phase) winding has the 

fundamental amplitude Vs,1:
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The fundamental amplitude Bs,1 of the radial rotor air-gap field is:
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8. Dynamics of synchronous machines

Saliency: Voltage & current transfer ratio üUf & üIf
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• Stator-side self-inductance due to air-gap field in d-axis:

hd
eps

wssdssidh Lc
l

p

m
kNcIfUL ⋅=

⋅
⋅

⋅
⋅

⋅⋅⋅=⋅⋅⋅=
0

2

2
0,

2
)()2/(

δ
τ

π
µπ
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8. Dynamics of synchronous machines

Saliency: Stator current and flux linkage space vectors

Stator current space vector:

decomposed:

Rotor current space vector:

(in d-axis!)

Magnetizing current space vector:

In d-axis:

In q-axis:

Flux linkage space vector:
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(Re-axis)
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8. Dynamics of synchronous machines

Saliency: Stator flux linkage equations in d- and q-axis

qqqqhsq

fdhddfdhddhsd

ixixx

ixixixixx

=⋅+=
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)(

)(

σ

σ

ψ

ψ
Stator flux linkage in per-unit:

Stator inductances:

Synchronous inductance of d-axis xd and of q-axis xq:

qdsqhqsdhd xxxxxxxx >+=+= σσ

We assume constant iron saturation, so xdh, xqh are constant.

By calculating the magnetizing current in d- and q-component, 

the resulting variable iron saturation due to 

is usually not correctly considered!
mqmdm III +=



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 27

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines
Set of dynamic equations of salient rotor synchronous machine 

without damper cage

)()()()()(
)(

)()()(

)()()()(

)()(
)(

)()(

)()(
)(

)()(

ττψττψτ
τ
τωτ

ττψ

τττψ

τψτω
τ
τψ

ττ

τψτω
τ
τψττ

σ

σ

sqddq
m

J

qsqhq

fdhdsdhd

dm
q

qsq

qm
d

dsd

mii
d

d

ixx

ixixx

d

d
iru

d

d
iru

−⋅−⋅=⋅

⋅+=

′⋅+⋅+=

⋅++⋅=

⋅−+⋅=

Stator zero sequence voltage system:

Separate zero-sequence flux linkage equation (not discussed here)
τ
ψ
d

d
iru s
sss

0
00 +⋅=

rotor reference frame = d- and q-axis qds ijii ⋅+= qds ujuu ⋅+=

qds
j ψψψ ⋅+=

)(),(),(),(),( τωτψτψττ mqdqd ii
Unknowns:

Given:

)(),(),(),( ττττ sfqd miuu ′
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Energy Converters – CAD and System Dynamics

Summary: 

Flux linkage in cylindrical and salient rotor synchronous machines

- Repetition of bachelor course contents

- Also with space vectors: 

One magnetizing stator inductance in cylindrical rotor 

machines

- In salient pole rotors: 

d-axis magnetizing stator inductance bigger than in q-axis 

- So far: Influence of damper cage neglected
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8. Dynamics of synchronous machines
Fluxes in salient pole synchronous machine with damper cage

a) Stator magnetic field component, excited in parallel with rotor d-axis

b) Stator magnetic field component, excited in parallel with rotor q-axis

a) d-axis flux linkage b) q-axis flux linkage

Stray fluxes:

Φsσ⇔ xsσ

Φfσ⇔ xfσ

ΦDσ⇔ xDσ

ΦQσ⇔ xQσ

Main fluxes:

Φdh⇔ xdh

Φqh⇔ xqh
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8. Dynamics of synchronous machines

Dynamic inductances and reactances

h Magnetic equivalent circuit of synchronous machine in dynamic state of operation:

– “Transformer”: Magnetizing inductance: d-axis Ldh , q-axis Lqh

– Secondary leakage inductance:

Excitation winding: Φfσ, Xfσ = ωNLfσ,

– Damper cage: 

– d-axis ΦDσ: XDσ = ωNLDσ, 

– q-axis ΦQσ : XQσ = ωNLQσ

h Damper bars are short circuited by end rings! 

h Exciting DC voltage source of excitation winding has small internal resistance, 

which may be regarded for induced transient voltages and currents as 

an ideal voltage source = no internal impedance = field winding is AC short circuited.

h So field and damper secondary windings are (AC) short circuited!

Uf

If
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8. Dynamics of synchronous machines

Dynamic voltage equations for synchronous machines 

τ
ψ
τ
ψ
τ
ψ

ψω
τ
ψ

ψω
τ
ψ

d

d
iru

d

d
ir

d

d
ir

d

d
iru

d

d
iru

f
fff

Q
QQ

D
DD

dm
q

qsq

qm
d

dsd

+⋅=

+⋅=

+⋅=

⋅++⋅=

⋅−+⋅=

0

0

d, q: Stator voltage equations

D, Q: Damper voltage equations

f : Field voltage equation

Equations are valid in rotor reference frame !
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8. Dynamics of synchronous machines

q-axis transformer equivalent circuit of synchronous machine

2-Winding-transformer:

Stator winding with damper cage = like induction machine

Magnetic flux linkage in q-axis of synchronous machine:

Voltage and current transfer ratios for field and damper winding

different!

QsQqqq IMIL +=Ψ
QQqQsQ ILIM +=Ψ

IQUQ üü ≠

)/( IQQsQIQqqq üIMüIL ⋅+=Ψ

)/( IQQQIQUQqQsUQQUQ üILüüIMüü ⋅+=Ψ

Qqhqqhsq ILILL ′⋅+⋅+= )( σΨ

QqhQqqhQ ILLIL ′⋅+′+=′ )( σΨ

)( Qqqhqsq IILIL ′+⋅+= σΨ
)( QqqhQQQ IILIL ′+⋅+′′=′ σΨ

QIQUQQ RüüR =′

We skip the notation ´ in the following for transferred values!

)( Qqqhqsq IILIL +⋅+= σΨ
)( QqqhQQQ IILIL +⋅+= σΨ

1)2/1( ⋅
== wss

wrr

wss
UQ

kN

kN

kN
ü

r
UQ

r

s
UQIQ

Q
ü

m

m
üü

3
⋅=⋅=

σσ QIQUQQ LüüL =′

QhQQ LLL += σ

QhIQUQQsUQsQIQqh LüüMüMüL ===
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8. Dynamics of synchronous machines

d-axis transformer equivalent circuit of synchronous machine

Simplification: Bundled flux lines: 

Main flux is identical for stator, field and damper winding

Voltage & current transfer ratios for field & damper winding 

different:

DsDfsfddd IMIMIL ++=Ψ
DfDffdfsf IMILIM ++=Ψ
DDfDfdDsD ILIMIM ++=Ψ

IDUDIfUf üüüü ≠≠≠

)/()/( IDDsDIDIffsfIfddd üIMüüIMüIL ⋅+⋅+=Ψ
)/()/( IDDfDIDUfIfffIfUfdfsUffUf üIMüüüILüüIMüü ⋅+⋅+=Ψ

)/()/( IDDDIDUDIffDfIfUDdDsUDDUD üILüüüIMüüIMüü ⋅+⋅+=Ψ

Ddhfdhddhdd ILILILL ′+′+⋅+= )( σΨ

Ddhfdhfddhf ILILLIL ′+′⋅+′+=′ )( σΨ

DdhDfdhddhD ILLILIL ′⋅+′+′+=′ )( σΨ

)( Dfddhdsd IIILIL ++⋅+= σΨ
)( Dfddhfff IIILIL ++⋅+= σΨ

)( DfddhDDD IIILIL ++⋅+= σΨ

fIfUff RüüR =′ DIDUDD RüüR =′
σσ fIfUff LüüL =′ σσ DIDUDD LüüL =′

fhff LLL += σ

DhDD LLL += σ

Skip notation ´ :

fsUfsfIfDsUDsDIDdh MüMüMüMüL ====
IDIQUDUQ üüüü == ,

DhIDUDfhIfUffDIDUfDfIfUDdh LüüLüüMüüMüüL ====

3-Winding-transformer: El. excited rotor with damper cage

Magnetic flux linkage in d-axis of synchronous machine:
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8. Dynamics of synchronous machines

Understanding transients

Example: Rotor DC field winding: Voltage step

If only transient change of current for very short time t << T after disturbance is of 

interest, only the resulting inductance for dynamic condition must be known!

( )Tte
R

U

R

U
ti /1 1)( −−⋅+=

∆ t
L

U

R

U
titi

Tt

⋅≈−=
<<

∆∆ 1)()(

RLT /=

Tt
T

t
e Tt <<−≈− ,1/
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8. Dynamics of synchronous machines

Magnetic coupling in d-axis (                      )

No damper cage: 

transient reactance X´d

No damper cage, no field winding: 

synchronous d-reactance Xd

Damper cage and field winding: 

subtransient d-reactance X”d

Id

If ID

LX N ⋅=ω
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8. Dynamics of synchronous machines

No damper cage, no field winding: 

synchronous q-reactance Xq

Damper cage:

subtransient q-reactance X”q

Magnetic coupling in q-axis ( )

Iq

IQ

LX N ⋅=ω
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8. Dynamics of synchronous machines

Subtransient inductances and reactances

)(
σσσσ

σσ
σωω

DfDdhfdh

Dfdh
sNdNd

LLLLLL

LLL
LLX

++
+⋅=′′=′′

)(
σ

σ
σωω

Qqh

Qqh
sNqNq

LL

LL
LLX

+
+⋅=′′=′′

15.0
1.01.01.09.01.09.0

1.01.09.0
1.0/ =

⋅+⋅+⋅
⋅⋅

+=′′=′′ dNd xZX

h „Subtransient reactance“ of d-axis  

(secondary resistances neglected): 

• "Subtransient reactance of q-axis" : 

 

18.0
1.05.0

1.05.0
1.0/ =

+
⋅

+=′′=′′ qNq xZX

symmetrynt subtransie:

18.015.0

:but,6.01

qd

qd

qd

xx

xx

xx

′′≈′′

=′′<=′′

=>=

Example: Salient poles:

:1.0p.u.,6.0/,p.u.1/ NQDfsqNqdNd ZXXXXxZXxZX ⋅======== σσσσ
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8. Dynamics of synchronous machines

Subtransient performance of synchronous machine

h During subtransient state of synchronous machine not the

synchronous reactances Xd, Xq are active,

but the much smaller subtransient reactances:        

h Note: Even if Xd > Xq like in salient pole machines, 

the subtransient reactances are nearly the SAME:

h Winding resistances Rs, Rf, RD and RQ cause a decay of dynamic currents, 

which flow due to induced transient voltages in the stator and rotor windings

h In the damper cage the dynamic current in the damper bars decays much faster

than in the field winding.

h Typical time constant of decay:

in damper winding 20 ... 50 ms,

in excitation winding 0.5 s ... 2 s.

qd XX ′′′′ ,

qdqd XXXX ′′≈′′′′<′′ but,
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8. Dynamics of synchronous machines

Example: Calculation of rs, rf, rD (1)

Two-pole turbine generator (= cylindrical rotor) with complete damper cage:

Copper wedges of rotor field winding slots are damper bars

m9.2,mm920Hz,50A,6880,YkV5.10,MVA125 ,NNNN ====== rFera ldfIUS

Ω88.0/ NphNphN == IUZ

Stator winding resistance per phase:

11/222,2,1,3,11,66,mΩ56.1Cs,75 =⋅⋅=⇒=======° sscsssscsss aNqpNpaNmqQR

9166.0,9553.00.9595,,33/27/ ==== wsdspsp kkkW τ
p.u.00236.0/,mΩ078.256.133.1 NACs,DCs,ACACs, ===⋅=⋅= ZRrRkR s

Field winding resistance:

144/2,1,9,1,8,32,mΩ2.94Cf,75 =⋅⋅=⇒======° ffcrfffcfrf aNqpNaNmqQR

8276.0,9556.0/2,3 === wfdfpf kkk

01518.0,1795.0
2

,0846.0
1448276.0

119166.0
UfIfUfIfUf =⋅=

⋅
⋅==

⋅
⋅

== üü
m

m
üü

Nk

Nk
ü

f

s

fwf

sws

p.u.00162.0/,mΩ43.1 NfffUfIff =′==⋅⋅=′ ZRrRüüR



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 40

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines

Example: Calculation of rs, rf, rD (2)

µΩ87)10440405.002.0/(1.3)/(

m1.31.029.22

mm,5.402/)4932(mm,20

6
Cbar,75

,

DD

=⋅⋅⋅==

=⋅+=⋅+=
=+==

° CuDDbar

rFebar

bhlR

lll

bh

κ

∆

hD

bD

Nfc = 7

wDwrDrDrr kkNNmmQ ======= 1,2/1,48

µΩ15.6
104.1035.01.0

0301.0

2/mm,2.60/mm,35

6
steelstainlessendcap

endcap
Cendcap,75

endcapendcap

=
⋅⋅⋅

=
⋅⋅

=

≈===

° κ∆
∆

∆

τ∆πτ

hl

b
R

bQdh QrrraQr

µΩ718
))48/(sin(2

15.6

))/(sin(2 22

Cendcap,75*
Cendcap,75 =

⋅
=

⋅
= °

°
ππ

∆
∆

rQp

R
R

µΩ80571887*
Cendcap,75Cbar,75 =+=+= °° RRRD ∆

414.25,26.1,165.20
5.01

119166.0
UDIDUDIDUD =⋅=⋅==

⋅
⋅

== üü
m

m
üü

Nk

Nk
ü

D

s

DwD

sws

p.u.020736.0/,mΩ247.18 NDDDUDIDD =′==⋅⋅=′ ZRrRüüR

Damper winding resistance: 

Here: Ideal symmetrical damper cage = no difference between d- and q-axis

∆l
hendcapbendcap
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8. Dynamics of synchronous machines

4-pole Turbine generator: Rotor insertion in stator

Source:

Copper wedges 

as complete 

damper cage

Stainless steel 

end-caps as 

retaining rings
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8. Dynamics of synchronous machines

Example: Calculation of rs, rf, rD (3)

Per-unit stator / field / damper winding resistance, with respect to stator-side: 

02074.0,00162.0,00237.0 Dfs === rrr

Stator / field / damper winding resistance in physical units: 

µΩ805,mΩ2.94,mΩ078.2 Dfs === RRR

• In physical units the field winding has the biggest ohmic value

• The damper bar has the smallest ohmic value, although the retaining stainless steel cap 

(as “end-ring”) increases the resistance strongly.

• In p.u. the damper resistance is the biggest value, the field winding resistance is the smallest.

• As the p.u. inductance values xs, xf, xD (with respect to the stator side) are similar, 

the time constant for the separated windings 

is for the damper the shortest⇒ The dynamic damper currents decay fastest! 

• Example: xf = xD = 1.8 p.u.: τf = 1111 p.u. (3.5 s), τD = 87 p.u. (277 ms) 

Dsf /// rxrxrx DDssff =>=>= τττ
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8. Dynamics of synchronous machines

„Transient“ state of synchronous machine

h Intermediate state in d-axis: Dynamic currents in the damper cage have already decayed, 

whereas in the field winding still a big dynamic field current is flowing. 

h Equivalent reactance for this “transient”: “Transient reactance” of d-axis Xd´!

Is only slightly bigger than subtransient reactance !

h After decay of all dynamic currents the stator reactance becomes again Xd resp. Xq

)(
σ

σ
σωω

fdh

fdh
sNdNd

LL

LL
LLX

+
+⋅=′=′

Example: xdh = 0.9, xsσ = xfσ = 0.1:  19.0/ =′=′ dNd xZX

19.0
1.09.0

1.09.0
1.0 =

+
⋅

+=′dx

19.015.0 =′<=′′ dd xx
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8. Dynamics of synchronous machines

Subtransient and transient state

• Time constant of damper winding for decay of transient damper current is much shorter

(factor 10) than time constant of field winding for decay of transient field current

• So we can distinguish “transient” and “sub-transient” state

 

Subtransient time section  

0 .... ≈ 0.5 s 

Dynamic current flow in stator, damper  
and field winding   

Transient time section  

0.5 s .... ≈ 2 s 

Dynamic current flow in  
stator and field winding 

Steady state (synchronous)   
> 2 ... 3 s 

Steady state current flow in  
stator and field winding 
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Energy Converters – CAD and System Dynamics
Stator inductance per phase for steady state and dynamics (1)

 Steady state Transient Sub-transient 

Direct axis Synchronous inductance 

Ld , xd 

Transient inductance 

dd xL ′′ ,  

Subtransient inductance 

dd xL ′′′′ ,  

Quadrature axis Synchronous inductance 

Lq , xq 

Synchronous inductance 

Lq , xq 

Subtransient inductance 

qq xL ′′′′ ,  

 
d-axis   q-axis

x´q = xq
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8. Dynamics of synchronous machines
Stator inductance per phase for steady state and dynamics (2)

Subtransient inductance of d-axis: (physical units: L, per unit value: x) 

σσσσ

σσ
σ

σσσσ

σσ
σ

DfDdhfdh

Dfdh
sd

DfDdhfdh

Dfdh
sd

xxxxxx

xxx
xx

LLLLLL

LLL
LL

++
+=′′

++
+=′′  

 
Subtransient inductance of q-axis: 

σ

σ
σ

σ

σ
σ

Qqh

Qqh
sq

Qqh

Qqh
sq

xx

xx
xx

LL

LL
LL

+
+=′′

+
+=′′     

 
Transient inductance of d-axis: 

σ

σ
σ

σ

σ
σ

fdh

fdh
sd

fdh

fdh
sd

xx

xx
xx

LL

LL
LL

+
+=′

+
+=′   

 
Transient inductance of q-axis: 

qqqq xxLL =′=′   
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8. Dynamics of synchronous machines

d-axis: Field lines for dynamic and steady state 

Sinusoidal distributed (= fundamental) stator m.m.f. Vs(1)(x)

- synchronous: No reaction of rotor windings

- transient: Reaction of rotor field winding

- sub-transient: Reaction of rotor field and damper winding

Source: 

K. Bonfert,

Springer-Verlag

synchronous Xd transient  X´d sub-transient X´´d

DC excitation 

If,DC not 

shown

Is = Id
Is = Id Is = Id

If
If

ID

s s s
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8. Dynamics of synchronous machines

q-axis: Field lines for dynamic and steady state 

- synchronous: No reaction of rotor windings

- NO transient state, because no linkage with rotor field winding

- sub-transient: Reaction of damper winding 

Source: 

K. Bonfert,

Springer-Verlag

synchronous Xq NO transient ⇒ X´q = Xq sub-transient X´´q

DC excitation 

If,DC not shown

Is = Iq Is = Iq

IQ

s s
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8. Dynamics of synchronous machines

Field lines for dynamic 

and steady state

Sinusoidal distributed 

(= fundamental) stator 

m.m.f. Vs(1)(xs)

- synchronous:

No reaction of rotor 

windings

- transient:

Reaction of 

rotor field winding

- sub-transient:

Reaction of rotor field   

and damper winding 

Source: 

K. Bonfert,

Springer-Verlag

Synchronous Xd , Xq transient X´d , Xq sub-transient X´´d , X´´q

DC excitation 

If,DC not shown

d-axis

q-axis

s s s

s s s
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8. Dynamics of synchronous machines

p.u. reactances of synchronous machines

Synchronous reactance of  
direct axis 

dNd

Ndd

LX

ZXx

ω=
= /

 

 

0.8 ... 1.2: Salient pole synchronous machines  

                with high pole count  
1.2 ... 2.5: 4- and 2-pole cylindrical rotor  

               synchronous machines with high utilization  

synchronous reactance of 
quadrature axis 

qNq

Nqq

LX

ZXx

ω=

= /
 

dx⋅)6.0...5.0( : Salient pole synchronous machines  

                          with high pole count  

dx⋅)9.0...8.0( : 2- and 4-pole cylindrical rotor  

                          synchronous machines  

transient reactance of  
direct axis 

dNd

Ndd

LX

ZXx

′=′

′=′

ω
/

 

0.2-0.25 ... 0.35-0.4 

transient reactance of  
quadrature axis 

Nq

qq

ZX

xx

/=

==′
 

Identical with synchronous reactance  

subtransient reactance of  
direct axis 

dNd

Ndd

LX

ZXx

′′=′′

′′=′′

ω
/

  

0.1-0.12 ... 0.2-0.3 

subtransient reactance of 
quadrature axis 

qNq

Nqq

LX

ZXx

′′=′′

′′=′′

ω

/
 

usually dq xx ′′>′′ , as field winding is missing in q-axis:  

0.1 ... 0.3, but dq xx ′′≈′′  

 



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 51

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

Energy Converters – CAD and System Dynamics

Summary (1): 

Dynamic flux linkages of synchronous machines

- d- and q-axes separation of flux linkages in synchronous machines

- Rotor cage described only by two short circuited coils in d- and q-axes each: D and Q

- Electrically excited synchronous machines:

- Three-winding transformer in d-axis

- Two-winding transformer in q-axis

- Sudden change in flux linkage leads to transient rotor currents

in damper and field winding

- Subtransient d- and q-axis inductance (in p.u.: „reactance“)

- Transient d-axis inductance, when transient rotor current only in field winding
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Energy Converters – CAD and System Dynamics

Summary (2): 

Dynamic inductances in synchronous machines

- Steady-state and dynamic inductances are mostly given in p.u.

- p.u.-values as inductances or reactances identical

- „p.u.-reactances“ is the standardized wording

- Subtransient reactances smaller than transient reactance

- Transient reactance smaller than steady-state reactance

- Sub-transient q-reactance slightly larger than subtransient d-reactance

- In subtransient reactances machines are nearly symmetrical, 

although at steady-state (esp. salient poles!) not!    
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8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Space vectors in rotor reference frame

Equations are formulated in rotor reference frame: 

Real axis = d-axis, Imaginary axis = q-axis

d-axis

q-axis

s
jj

s
j

ss
j

ssrs ueeueueuu msm =⋅⋅=⋅=⋅= ⋅−⋅⋅−⋅− τωτωτωτγ
)(

)(
)()(

In synchronous steady state condition (ωs = ωm) stator voltage / current space vectors at 

sinus stator three-phase voltage feeding DO NOT MOVE in rotor reference frame:
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8. Dynamics of synchronous machines
Voltage equations of stator and damper winding in rotor reference frame

τ

ψ

ψω
τ

ψ

d

d
ir

j
d

d
iru

rr
rrr

rsm
rs

rssrs

)(
)(

)(

)(
)()(

0
′

+′⋅′=

⋅⋅++⋅=
- Subscript (r) denotes: 

rotor reference frame

- We skip subscript (r) for simplicity

Decomposition of stator space vectors in d- and q-components:

qdsqdsqds jijiiujuu ψψψ ⋅+=⋅+=⋅+= ,

Transformation ratio for voltage and current:

QDrQDr jijii ψψψ ⋅+=′⋅+=′

2/1
,

)2/1(

sws
UQUD

r

ssws
IQID

Nk
üü

Q

mNk
üü

⋅
==

⋅
⋅⋅

==

Ifff üii /=′ fUff ü ψψ ⋅=′ fIfUff rüür ⋅⋅=′

- Stator :

- Damper :

Field winding: Different transformation ratio: WE SKIP THE  ´ FURTHER

Damper current space vector:
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8. Dynamics of synchronous machines

Dynamic voltage equations for synchronous machines 

τ
ψ
τ
ψ
τ
ψ

ψω
τ
ψ

ψω
τ
ψ

d

d
iru

d

d
ir

d

d
ir

d

d
iru

d

d
iru

f
fff

Q
QQ

D
DD

dm
q

qsq

qm
d

dsd

+⋅=

+⋅=

+⋅=

⋅++⋅=

⋅−+⋅=

0

0

d, q: Stator voltage equations

D, Q: Damper voltage equations

f : Field voltage equation

Equations are valid in rotor reference frame !
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8. Dynamics of synchronous machines

Flux linkage equations in d- and q-axis

ffDdhddhf

QQqqhQ

fdhDDddhD

Qqhqqq

fdhDdhddd

ixixix
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ixixix

ixix

ixixix

++=

+=

++=

+=

++=

ψ

ψ

ψ
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ψ
Stator flux linkage

Damper flux linkage

Field winding flux linkage

Stator inductance

σ

σσ

σσ

fdhf

QqhQDdhD

sqhqsdhd

xxx

xxxxxx

xxxxxx

+=

+=+=

+=+=

Damper inductance

Field inductance

We assume constant iron saturation, so xdh, xqh are constant
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8. Dynamics of synchronous machines

Electromagnetic torque

{ } qddqsse iiim ψψψ ⋅−⋅=⋅= *
Im

Complete set of dynamic equations in rotor reference frame for 

a) electrically excited synchronous machines with damper cage (and rotor saliency):

11 equations, 11 unknowns

b) permanent magnet synchronous machines: NO damper cage, NO field winding:

5 equations, 5 unknowns

mfQDqdfQDqd iiiii ωψψψψψ ,,,,,,,,,,

mqdqd ii ωψψ ,,,,

sfqd muuu ,,,

spqd muu ,Perm.Flux,, f ψψ =

Stator current and flux linkage space vector 

components in d-q-reference frame

)()()()()(
)( ττψττψτ

τ
τωτ sqddq

m
J mii

d

d
−⋅−⋅=⋅ Mechanical equation
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8. Dynamics of synchronous machines
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Electrically excited synchronous machines

- with damper cage and rotor saliency
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8. Dynamics of synchronous machines
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Stator zero sequence voltage system:

Separate zero-sequence flux linkage equations (not discussed here)
τ
ψ
d

d
iru s
sss

0
00 +⋅=

Permanent magnet synchronous machines

no damper / field winding
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8. Dynamics of synchronous machines

Steady state operation of synchronous machine

fffQD
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DD

dmqsq

qmdsd

ruiii

iru

ir

ir

iru

iru

/,0

0

0

===
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ψω

ψω
qqqfdhddd ixixix =+= ψψ

The steady state back emf up is directed in q-axis:

fdhmp ixu ⋅=ω

fdhmddmqsqqqmdsd ixixiruixiru ⋅+⋅+⋅=⋅−⋅= ωωω

- In rotor reference frame: steady state: d./dτ = 0

- DC values = d- and q-phasor amplitudes of d-q-phasor diagram
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8. Dynamics of synchronous machines

Steady state DC values diagram

fdhmddmqsqqqmdsd ixixiruixiru ⋅+⋅+⋅=⋅−⋅= ωωω

Example:

Under-excited motor operation,

“inverse” reluctance xq = 2xd

Conventional 

phasor diagram

Space vector 

diagram for 

steady state:

corresponds 

directly to 

conventional 

phasor diagram

IDENTICAL
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8. Dynamics of synchronous machines

Do you remember ? Motor operation – under-excited

„inverse“

reluctance: Xd > Xq
Xd = Xq

Example:

Cylindrical rotor,

Example:

Salient rotor,
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Summary: 

Set of dynamic equations for synchronous machines

- Formulation in rotor reference frame

- Due to damper and field winding: 

11 dynamic equations for d- and q-axis

- PM machines: 

Only 5 dynamic equations, if rotor eddy currents are neglected

- Steady state solutions are in rotor reference frame DC values

- Steady state DC values correspond 

with 

Re- and Im-part of steady state AC complex phasor results 

(see: Bachelor´s course)
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8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Park transformation (1)

Transformation from stator (s) three-phase U, V, W-system 

into rotor (r) two-axis d-q-system: e.g. stator voltage space vector us:
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Park transformation (2)
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Summary: 

Park transformation

- Alternative formulation to KOVAC´s complex space vectors

- Matrix transformation from U,V,W to d,q,0-system

- Historically older, since ca. 1930

- CLARKE´s transformation: 

From U,V,W to stator α,β,0-system

- PARK´s transformation: 

From U,V,W to rotor d,q,0-system
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8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Magnetic coupling in d- and q-axis

q-axis:

2 windings 

transformer

d-axis: 

3 windings 

transformer

Stator leakage inductance xdσ ≠ xqσ due to saliency slightly different

Here: Simplification: xdσ = xqσ = xsσ
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8. Dynamics of synchronous machines
Equivalent circuits for magnetic coupling in d- and q-axis in per-unit
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8. Dynamics of synchronous machines

Blondel stray coefficients 0 ≤ σ ≤ 1
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d-axis:

q-axis:

Describes degree of magnetic coupling between two windings.
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8. Dynamics of synchronous machines

Expression of dynamic inductances with BLONDEL coefficients
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8. Dynamics of synchronous machines

Stator inductance per phase for steady state and dynamics

Example: Calculation via BLONDEL coefficients

Electrically excited salient pole synchronous machine with damper cage: 
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Summary: 

Equivalent circuits for magnetic coupling in synchronous machines

- Three-winding transformer in d-axis yields three BLONDEL stray coefficients

- Two-winding transformer in q-axis yields one BLONDEL stray coefficient

- Subtransient q-axis and transient d-axis reactance:

May be calculated with BLONDEL coefficients

- BLONDEL coefficients are extensively used to write formulas shorter

- Here: 

Only ONE main flux in d-axis, but in reality:

Main fluxes between d and f resp. d and D different (see: 8.9.3) 



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 76

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Dynamic performance at constant speed operation

• Electrical time constants of stator and rotor windings are much shorter than 

mechanical time constant 

• Operation at constant speed during electrical transient is assumed.

• Examples: - Sudden short circuits, 

- Electric load steps with only change of reactive power, 

- Switching during inverter operation

• 10 LINEAR DYNAMIC EQUATIONS: 5th order differential equation system;

Laplace transformation may be used !

00000 ,,,, QDfqd ψψψψψ

• Only electrical equations are needed, as n = const.

• Initial conditions for dψ/dτ for flux linkages:

e. g.:

const.=mω

{ } 0)(/)( ddd ssddL ψψττψ −⋅= (
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8. Dynamics of synchronous machines

Linear dynamic equations in Laplace domain, n = const.
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(1) Voltage equations:               Unknowns:
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(2) Flux linkage equations:
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(3) Initial conditions:

fQDqdfQDqd iiiii ψψψψψ ,,,,,,,,,
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8. Dynamics of synchronous machines
Eliminating rotor flux linkages & currents
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“Reactance 

operators”

fQDfQD iii ,,,,, ψψψ

10 – 6 = 4 remaining stator equations!
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8. Dynamics of synchronous machines

8.6.1 “Reactance operators”
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Important: xd(s), xq(s)

Open-circuit time constants of 

damper and field winding:
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8. Dynamics of synchronous machines

“Reactance operators”: )(),(),(),(),( sxsxsxsxsx fQDqd
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Initial condition: Synchronous operation:
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At transient operation:

- Most important are “the reactance 

operators” xd(s), xq(s)!

- The others xf(s), xD(s), xQ(s) are only 

needed, if iD0 ≠ 0, iQ0 ≠ 0, if0 ≠ uf0/rf 

0
0 =−

s

i

r

u f

f

f
(



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 82

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines

Determination of “reactance operator” xq(s) (1)
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Voltage equation:                   Flux linkage equation:  

QQqqhQ ixix
((( +=ψ

Calculation of damper current:

Calculation of q-flux linkage:

Determination of reactance operator xq(s): xq(s)
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8. Dynamics of synchronous machines

Determination of “reactance operator” xq(s) (2)

By using we get with the abbreviation :
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Reactance operator in a more convenient form:
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8. Dynamics of synchronous machines

“Reactance operator of q-axis damper winding” xQ(s)
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8. Dynamics of synchronous machines

Reactance operators at short and long time scale

qqqddd isxisx
(((( ⋅=⋅= )()( ψψ

Reactance operators are flux transfer functions !
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Example: Current steps
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8. Dynamics of synchronous machines
8.6.2 Electrical rotor time constants for flux change in d- and q-axis
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- Usually voltages are given, defining the flux linkages.

- The currents have to be calculated !
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8. Dynamics of synchronous machines

Electrical rotor time constants for the d-axis
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Determine A, B, C by comparison of numerators !
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8. Dynamics of synchronous machines

Inverse “reactance operators” and electrical rotor time constants
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“Reactance operators” are flux transfer functions:

a) transient time constant  dτ ′  in d-axis, 

b) subtransient time constants  qd ττ ′′′′ ,  in d- and q-axis. 

- The stator current in d- and q-axis is changing with changing stator flux linkage with a 

subtransient (very short) and a transient (short) time constant, caused by rotor winding 

transients ! 

a) Open-circuit transient time constant  fdd τατ ==′ 10 /1  in d-axis, 

b) Open-circuit subtransient time constants  Qqdd ττατ =′′=′′ 020 ,/1  in d- and q-axis. 

- The stator flux linkage in d- and q-axis is changing with changing stator current with a      

short and a long “open-circuit” time constant, caused by these rotor winding transients ! 
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8. Dynamics of synchronous machines

Calculation of inverse reactance operator 1/xq(s)
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8. Dynamics of synchronous machines

Calculation of d-axis “short circuit time constants” τ´d, τ´´d
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8. Dynamics of synchronous machines

Calculation of d-axis “short circuit time constants” for τD << τf
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≈
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
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=
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2

4
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2
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4
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2

)(1
,

1

22

2

mm

m

dfd

DfDd
d

x

x

σ
τσ

τ
⋅

⋅⋅′′
≅′′b) Short circuit time constant of damper winding in d-axis =  

= subtransient time constant of d-axis

(with                               for a << 1)2/11 aa −≅−
a

fD ττ <<

fdfd τστ ⋅≅′a) Short circuit time constant of field winding = 

= transient time constant of d-axis
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8. Dynamics of synchronous machines

d-axis: Sub-transient and transient time constants τ´d, τ´´d

dfd

DfDd
d

x

x

σ
τσ

τ
⋅

⋅⋅′′
≅′′

fdfd τστ ⋅≅′

- Subtransient time constant of d-axis:

- Transient time constant of d-axis:

Example:

σfD = σdf = 0.1, xd = 1, x”d = 0.15, τf = 10τD

D
D

dfd

DfDd
d

x

x
ττ

σ
τσ

τ ⋅=
⋅
⋅⋅

=
⋅

⋅⋅′′
=′′ 15.0

1.01

1.015.0

DDfdfd τττστ =⋅⋅=⋅=′ 101.0

If open-circuit time constant of the field winding τf is much bigger than of the 

damper winding τf >>τD, then also transient time constant is much bigger than 

subtransient time constant:

715.0/1/ ==′′′ dd ττ

Exact values:

Dd

Dd

ττ
ττ
⋅=′
⋅=′′

94.0

16.0

dd ττ ′′>>′
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8. Dynamics of synchronous machines

q-axis: Sub-transient time constant τ´´q

Subtransient time constants are much shorter than the transient time constant !

Q

QqQ
QQqQq

r

x⋅
==⋅=′′
σ

ττστ σ- Subtransient time constant of q-axis

Example: σqQ = 0.1, τQ = τD DQqQq ττστ ⋅=⋅=′′ 1.0

Dd ττ ⋅=′′ 15.0Result: Dq ττ ⋅=′′ 1.0

7/11/15.0/ ==′′′ dd ττ 10/11/1.0/ ==′′′ dq ττ
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8. Dynamics of synchronous machines

“Open circuit” d-axis time constants τ´d0, τ”d0 for τD << τf

τD << τf : d-axis damper time constant τD much shorter than τf of field winding:

fD ττ <<











 ⋅
−

⋅⋅
≈












+

⋅⋅
−

⋅⋅⋅

+
=









−⋅=

f

DfD

DfDDf

DffD

DffD

Df
dd

p
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τ
τσ

τσττ

ττσ
ττσ

ττ
αα

4
11

2

1

)(

4
11

2

4
11

2
,

2221 mmm

With 2/11 aa −≅−  for a << 1: 

DfDff

DfD

DfDf

DfD

DfD
d τσττ

τσ
τστ

τσ
τσ

α
⋅

≅=




















 ⋅
−

⋅⋅
≈










 ⋅
−

⋅⋅
≈

1
,

12
11

2

14
11

2

1
2,1 mm . 

0)()(
1

21
22 =+⋅+=+⋅+=+

+
⋅+ dd

DffDDffD

Df
ssqpssss αα

ττσττσ
ττ

a

a) Open circuit time constant of field (= field winding time constant) 10 /1 dfd αττ ==′  

b) Open circuit time constant of damper in d-axis  20 /1 dDfDd ατστ =⋅=′′   
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8. Dynamics of synchronous machines

Example: Rotor time constants for d-axis

02.0,002.0,1.0,2.0,15.0,2.1 ====== DfDfsdh rrxxxx σσσ
3.11.02.1,4.12.02.1,35.115.02.1,21.0 =+==+==+==′′ Dfdd xxxx

179.0)3.135.1/(2.11,209.0)4.13.1/(2.11,238.0)4.135.1/(2.11 222 =⋅−==⋅−==⋅−= dDfDdf σσσ

Given:

700656502.0/3.1,700002.0/4.1 =<<=→==== fDDf ττττ

59.1365209.0,879.8
238.035.1

65209.021.0
0 =⋅≅′′=

⋅
⋅⋅

≅′′ dd ττ

12032.0/00619.0
)65179.0700238.0(35.1

65700209.021.04
11

65700209.0221.0

)65179.0700238.0(35.11
,

1
2
=












⋅+⋅⋅
⋅⋅⋅⋅

−⋅
⋅⋅⋅⋅
⋅+⋅⋅

=
′′′

m
dd ττ

700,6.166700238.0 0 =≅′=⋅≅′ fdd τττA) For τf >>τD:

B) For arbitrary τf ,τD:

64.12,31.8,4.752,5.161 00 =′′=′′=′=′ dddd ττττ

07091.0/00133.0
)65700(

65700209.04
11

65700209.02

657001
,

1
2

00

=












+
⋅⋅⋅

−⋅
⋅⋅⋅

+
=

′′′
m

dd ττ

dτ ′
0dτ ′

dτ ′′
0dτ ′′

A)                B)

4.752
5.161

64.12
31.8

0.700
6.166

59.13
88.8For τf >> τD: Simple formulas A) sufficient !
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8. Dynamics of synchronous machines

Example: Rotor time constants for q-axis

02.0,002.0,1.0,2.0,15.0,2.1 ====== DfDfsdh rrxxxx σσσ

75.015.06.0,236.075.0314.0 =+==⋅=′′ qq xx

314.0)7.075.0/(6.01 2 =⋅−=qQσ

Given:

75.808.0/7.0 ==Qτ

For arbitrary τQ:

75.275.8314.0,75.80 =⋅=′′==′′ qQq τττ

6.0=qhx 1.0=σQx 08.0=Qr

75.2
00 , qd ττ ′′′′ 75.864.12

qd ττ ′′′′ , 31.8

In the q-axis the damper current iQ vanishes faster than the damper current iD

in the d-axis !
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8. Dynamics of synchronous machines

Due to τf >> τD the transient inductance may be easily calculated from an equivalent circuit, 

where the transient current in the damper winding has already vanished

(xdσ = xsσ)

σ

σ
σ

σσ

fdh

fdh
s

f

dh

f

fdh
s

f

dh
d

fd

dh
ddfdd

xx
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x
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x

xx
x

x

x
x

xx

x
xxx

+
+=

=−+=−=









−⋅=⋅=′

222

1

σ

σ
σσ

τσ

τσ
σ

τστστ

τστσ
σ

τ
αα

ττ

fdh

fdh
sdfd

DfD

DfDd

dfd

d

d

d

fdfDfDf

fdfDfDd

dfd

d

d

d

d
dd

dd
dd

xx

xx
xx

x

x

x

x

x

x

x

x

x

x
xx

+
+=⋅=

=
⋅⋅′′

⋅

⋅′′≈








 ′′
+⋅

⋅
−+

⋅
−

⋅⋅′′
⋅

⋅′′≈








 ′′
+⋅

′
−+

′
−
′′

⋅′′=′
1

1
111

1

1
1

11

21

fD ττ <<
fD ττ <<

Proof: Transient inductance of stator winding in d-axis may be described 

by a simple equivalent circuit !
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8. Dynamics of synchronous machines

Example: Transient reactance x´d

02.0,002.0,1.0,2.0,15.0,2.1 ====== DfDfsdh rrxxxx σσσ

35.115.02.1,21.0 =+==′′ dd xx 179.0,209.0,238.0 === dDfDdf σσσ

Given:

3213.035.1238.0 =⋅≅′dx

3683.0

35.1

21.0
1

5.161

1
07091.0001329.0

5.161

1

31.8

1

21.0 =






 +⋅−+

−
⋅=′dx

A) For τf >>τD:

B) For arbitrary τf ,τD:

A)                       B)

dx′ 3213.0 3683.0

Due to τf  >> τD the transient inductance may be calculated

from an equivalent circuit with sufficient accuracy!
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8. Dynamics of synchronous machines

8.6.3 Electric excitation: Dynamic equations for constant speed

Electrically excited 

synchronous 

machine

- Field winding

- Damper cage

- Saliencys

i
sx

s

i
isx

s

s

i
sx

s

i

r

u
sx

s

i
isx

s

siru
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8. Dynamics of synchronous machines
Five reactance operators for electrically excited synchronous 

machines with damper cage

d

dd

d

dddd s

s

xx
s

s

xxxsx

ττ ′′
+

⋅
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
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−
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8. Dynamics of synchronous machines

8.6.4 Permanent magnets: Dynamic equations for constant speed

Permanent magnet excited 

synchronous machine

- No field winding

- Often no damper cage

- Often no saliency

- Permanent rotor flux 

linkage due to permanent 

magnets 

“Reactance operators”:

(if no damper cage)

0000

0

0

qqqpddd

qqqdd

p

d

dmqqsqq

qmddsdd

ixix

ixix
s

siru

siru

⋅=+⋅=
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ψψψ

ψ
ψ

ψ

ψωψψ

ψωψψ

((((

((((

((((

dddd xxxsx =′=′′=)(

qqq xxsx =′′=)(

dq xx =

00 fdhfp ix ⋅=⇔ψψ

00 , qd ii,, 00 qd ψψ
Initial conditions:

qdqd ii ψψ ,,,4 unknowns:
pqd uu ψ,,3 given values:
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8. Dynamics of synchronous machines

Source: 

Siemens AG

Germany

Wind rotor diameter 90 m

Three-blade rotor

Pitch control

Variable speed operation

10 ... 20/min

Gearless drive

IGBT inverter 690 V 

Gearless permanent magnet wind generator Scanwind / Norway 3 MW, 17/min
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8. Dynamics of synchronous machines
“Multibrid” - permanent magnet wind generator – dual stage gear

Source:  

Multibrid, 

Germany
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8. Dynamics of synchronous machines
Prototype rotor of PM Synchronous Motor for Submarine propulsion

Source:

Siemens AG, Germany

Skewed rotor magnets to 

reduce cogging torque

Cooling fins to dissipate 

rotor magnet eddy current 

losses and to enhance 

internal air flow

High pole count (32 poles) 

for slow speed operation
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Energy Converters – CAD and System Dynamics

Summary: 

Transient performance of synchronous machines at constant speed 

operation

- At constant speed and constant iron saturation: 

Linear voltage and flux linkage equations ⇒ Laplace-transform possible

- Eliminating of rotor flux linkages leads to “reactance operators” as abbreviation

- Five reactance operators, but only two (stator d- and q-axis) mainly of interest

- „Reactance operators“ give the dynamic change of e.g. stator inductances 

from the small subtransient to the big steady state values

- In PM machines: 

Reactance operators are simply the steady-state inductances

(if eddy currents in the rotor magnets are negligible)

- In voltage-fed machines the inverse reactance operators are needed  

- „Reactance operators“ are flux-current transfer functions
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Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Rotor time constants for d-axis (for τf >>τD)

 From dynamic  
equations 

From equivalent  
circuit 

0dτ ′  fd ττ ≅′ 0  fffd rx ττ =≅′ /0  

0dτ ′′  DfDd τστ ⋅≅′′ 0  

D

ffdhD
d

r

xxxx )/(
0

σστ
⋅+

≅′′  

dτ ′  fdfd τστ ⋅≅′  
0/ d

d

d
f

sdh

sdh
fd

x

x
r

xx

xx
x ττ

σ

σ
σ ′⋅

′
=








+

+≅′  

dτ ′′  

dfd

DfDd
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x

x

σ
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τ
⋅
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D

sfsdhfdh
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D

d
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x
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σσ
σ

τ
++

+

≅′′  

 
- Although looking different, these expressions are IDENTICAL relations ! 
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8. Dynamics of synchronous machines

Subtransient time constant of d-axis (τD << τf)

a) Short-circuit time constant:
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b) Open-circuit time constant:
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8. Dynamics of synchronous machines

Subtransient time constant of d-axis (τD << τf)
- Influence of damper winding on is (decay of damper current)

- Stator winding connected to grid (switch position 2): 

Grid internal impedance is assumed zero

- Stator winding is open-circuited (switch position 1):

time constant changes to

- Resistance of considered winding: rD

- Resultant inductance: 

Coupling of stator, field and damper winding
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Switch position 2

Switch position 1
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8. Dynamics of synchronous machines

Transient short-circuit time constant of d-axis (τD << τf)
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8. Dynamics of synchronous machines

Transient time constant of d-axis (τD << τf) 

fffd rx ττ =≅′ /0

Resultant 

inductance xres

- Influence of field winding on is (decay of field current)

- Damper current already zero !

- Stator winding connected to grid (“Switch in position 2”):

Grid internal impedance is assumed zero

- If stator winding is open-circuited (“Switch: position 1”):

Time constant changes to

- Resistance of considered winding: rf

- Resultant inductance: Coupling of stator and field winding

f
sdh

sdh
ffdfd r

xx
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Switch position 2

Switch position 1
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8. Dynamics of synchronous machines

Rotor time constant for q-axis (exact formulas!)

 From dynamic  
equations 

From equivalent  
circuit 

0qτ ′′  Qq ττ =′′ 0  

Q

Q
q

r

x
=′′ 0τ  

qτ ′′  QqQq τστ ⋅=′′  

Q

sqh

sqh
Q

q
r

xx

xx
x

σ

σ
σ

τ
+

+

=′′  

 

- Although looking different, these expressions are IDENTICAL relations ! 

- NO influence of field winding in q-axis ! ⇒ No transient time constant of q-axis !
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8. Dynamics of synchronous machines
Subtransient short- & open-circuit time constants of q-axis (exact)

QQq rx /0 =′′τ

- Influence of damper winding on is: 

Decay of q-component of damper current 

- Stator winding connected to grid (“Switch in position 2”):

Grid internal impedance is assumed zero

- If stator winding is open-circuited or current source

operation: (“switch in position 1”)⇒
Time constant changes to

- Resistance of considered winding: rQ

- Resultant inductance: Coupling of stator and damper winding
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8. Dynamics of synchronous machines

Armature time constant τa - both for d- and q-axis

qd

qd
res

xx

xx
x

′′+′′

′′⋅′′
=

2

Note: If d- and q-axis are identical               , then we get: d
dd

dd
res x

xx

xx
x ′′=

′′+′′
′′⋅′′

=
2

sqd

qd
a

rxx

xx

⋅′′+′′

′′⋅′′
=

)(

2
τ

qd xx ′′=′′

inductance

inductance

- Influence of stator winding on transient DC component of is

- Resistance of considered winding: rs ( << 1 )

- Resultant stator inductance immediately after disturbance is “average” of d- and q-axis 

subtransient inductance:

“Average”: Electrical paralleling of d- and q-axis: 

dx ′′

qx ′′
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8. Dynamics of synchronous machines

Summary: Stator and rotor time constants

d-axis time constants (τD << τf)
- Time constant: “resultant inductance / resistance of considered winding”

- d-axis three winding transformer: Winding of stator + rotor damper + rotor field

- Three time constants for variation e.g. of stator current is: 

Subtransient time constant      : Influence of decay of current in damper winding on is

Transient time constant      : Influence of decay of transient field current on is

Damper current already zero !

Armature time constant       : Influence of stator winding on transient DC component of is

sqd
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a

rxx

xx
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2
τ
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r
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8. Dynamics of synchronous machines

 

Transient open circuit time constant of d-axis 
fffd TRLT ==′ /0  2 ...7 ... 10 s 

Transient short circuit time constant of d-axis 
0)/( dddd TLLT ′⋅′=′  0.6-0.8 ... 1-2 s 

Subtransient open circuit time constant of d-axis 
0dT ′′  dd TT ′′⋅−≈′′ )5.11.1(0  

Subtransient short circuit time constant of d-axis 
dddd LLTT ′′′⋅′′≈′′ /0  0.02 ... 0.1 ... 0.5 s 

Subtransient short circuit time constant of q-axis 
dq TT ′′≈′′  0.02 ... 0.1 ... 0.5 s 

Armature time constant 
sda RLT /′′≈  0.1 ... 0.4-0.5 s 

Acceleration time constant (starting time constant) 
JT  3 ... 8-10 s 

 

Magnitudes of time constants of electrically excited 

synchronous machines with damper cage (τD << τf)

Range of values for small (1 MVA)... big (2000 MVA) machines: Small ... big
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Energy Converters – CAD and System Dynamics
“Reactance operator” xd(s) = Flux-current transfer function d-axis

ωm = 0

ddd isx
(( ⋅= )(ψ)(/ sxi ddd ψ(

(
=

usd(s)

id(s)

ψd(s)

•

•
id(s)
•

•

ψd(s)

)
1

()
1

(

)
1

()
1

(

)(

00 dd

dd
dd

ss

ss

xsx

ττ

ττ

′′
+⋅

′
+

′′
+⋅

′
+

⋅′′=

Voltage source feeding (internal resistance zero):

„stator short circuit operation“

Current source feeding (internal resistance infinite):

„stator open circuit operation“

)
1

()
1

(

)
1

()
1

(
1

)(

1 00

dd

dd

dd ss

ss

xsx

ττ

ττ

′′
+⋅

′
+

′′
+⋅

′
+

⋅
′′

=

Time constants for voltage step response:

dd ττ ′′′ ,
00 , dd ττ ′′′

Time constants for current step response:
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Energy Converters – CAD and System Dynamics
“Reactance operator” xq(s) = Flux-current transfer function q-axis

ωm = 0

qqq isx
(( ⋅= )(ψ)(/ sxi qqq ψ(

(
=
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iq(s)

ψq(s)
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•
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•

•
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1
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τ
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+

′′
+

⋅′′=

Voltage source feeding (internal resistance zero):

„stator short circuit operation“

Current source feeding (internal resistance infinite):

„stator open circuit operation“

q

q

qq s

s

xsx

τ

τ

′′
+

′′
+
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=
1

1

1
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1 0

Time constant for current step response:

qτ ′′ 0qτ ′′
Time constant for voltage step response:
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Energy Converters – CAD and System Dynamics

Summary: 

Time constants of electrically excited synchronous machines 

with damper cage

- Sub-transient and (in d-axis) transient rotor time constants for two cases:

- Case A: Stator is open circuit = no-load time constants Td0”, Td0´, Tq0”

- Case B: Stator connected to (ideal stiff) grid = 

= Short-circuit time constants Td”, Td´, Tq”

- Equivalent circuits for d- and q-axis explain the time constants, but: 

d-axis equivalent circuits for xd´, Td”, Td´, Td0”, Td0´ are only valid for TD << Tf ,

BUT: for xd” and q-axis equivalent circuits for xq”, Tq”, Tq0” values are exact!

- Stator: Armature time constant Ta only valid for rs << 1

- In addition: Mechanical time constant Tm in case of variable speed operation 

(here not presented)

- Starting time constant TJ represents rotor inertia
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Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 121

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines

Non-damped sudden short circuit of synchronous machine

   

, Initial condition: :

h Synchronous generator at no-load (= open stator circuit)

h Sudden short circuited at all three stator terminals at t = 0, calculated with physical units

h Induced no-load voltage causes a dynamic short circuit current is(t)

h Due to rotor transient currents the subtransient inductance is active:

h Non-damped: Rs = 0, Ls = Ld”

sssss ftutUtu πωϕω 2),()sin(ˆ)( 00 ==+⋅=

sdd XL ω/′′=′′

qds LLR ′′=′′= ,0 0)0( =si

dtdiLtutu sdss /)(0)( 0 ⋅′′+== )cos)(cos(
ˆ

)(
1

)( 00

0

0 ϕϕω
ω

−+⋅
′′

=⋅
′′

−= ∫ t
L

U
dttu

L
ti s

ds

t

s
d

s

:00 =ϕ )1)(cos(
ˆ

)( −⋅
′′

= t
L

U
ti s

ds
s ω

ω

:2/0 πϕ = )sin(ˆ)sin(
ˆ

)( tIt
L

U
ti sks

ds
s ωω

ω
⋅′′−=⋅

′′
−=

No-load voltage: (e.g. phase U):

a) Short circuit at zero crossing of voltage:

b) Short circuit at maximum voltage:
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8. Dynamics of synchronous machines

Sudden short circuit current at Rs = 0 (1)

Short circuit at a) zero crossing of voltage b) maximum of voltage

Example:

ωs = ωN
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8. Dynamics of synchronous machines

Sudden short circuit current at Rs = 0 (2)

dds
kkkkDC
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U
IIIIIUU
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=
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=′′=′′=⇒′′==
2222

22ˆ2ˆˆ,2ˆ
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ˆ
) =

⋅
=

′′
=

Nd
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N

k

ZX

UU

I

I
a

1ˆ/ˆ,p.u.15.0 ==′′ NUd UUxExample:

a) Short circuit at zero crossing of stator voltage:

The current rises from 0 at t = 0 to double value of AC amplitude      at time

A subtransient DC current with same amplitude as AC current flows in the stator winding:

st ωπ /=kI ′′ˆ

VERY HIGH

b) Short circuit at maximum of stator voltage:

No subtransient DC current occurs, so current peak      is half the previous value.

dds
kkkDC
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U
IIII

′′
=
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=′′=′′=⇒=
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2ˆˆ0
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ˆ
) ==
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I

I
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8. Dynamics of synchronous machines
Sudden short circuit at zero voltage crossing at no-load 

(Rs = 0, rotor PM excitation) (1)

ss const Ψψ ˆ. ==

0/

:0

==
≥

dtdu

t

ss ψ

Peak current

ss const Ψψ ˆ. ==

)()/(ˆ2/ˆ2ˆ πωωΨ ==== tiLULi ssdssdss

sssUt Ψω ˆˆ:0 =<

Example: ωs = ωN

ks Ii ˆˆ =
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• Rotor turns with speed Ωsyn, and is PM-excited

• Open-circuit stator coil voltage is induced

Physics explanation of sudden short circuit situation:

sssU Ψω ˆˆ =

a) At t = 0: Flux linkage of stator coil is maximum:             , so induced voltage is ZERO. 

Now short circuit occurs. 

Flux linkage stays constant:

ss Ψψ ˆ=

0/ == dtdu ss ψ

b) After half rotor turn ( ) rotor field is linked to stator with inverse polarity:            

In the stator coil short circuit current is must flow to excite additional flux linkage             

to keep total flux linkage constant.

PM machine without damper: 

So we get the current:

πω =ts

sΨ̂2
ss Ψψ ˆ−=

.ˆˆˆ2 constsss ==− ΨΨΨ

ssd iL Ψ̂2ˆ = )()/(ˆ2/ˆ2ˆ πωωΨ ==== tiLULi ssdssdss

ss const Ψψ ˆ. ==

dd LL =′′

8. Dynamics of synchronous machines
Sudden short circuit at zero voltage crossing at no-load 

(Rs = 0, rotor PM excitation) (2)
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8. Dynamics of synchronous machines

Physics of transient inductance Ld´

Rotor is electrically excited 

with field current If ,

thus short-circuited by 

uf-voltage source
ss const Ψψ ˆ. == ff const Ψψ ˆ.==

Peak 

current

a) b)

a) b)

.0/

:0

constdtdu

t

sss =→==
≥

ψψ

.0/ constdtdu fff =→== ψψ

Stator flux is rejected 

from rotor via transient 

rotor field,

must pass via air-gap,

yields reduced 

inductance Ld´

instead of Ld

sssUt Ψω ˆˆ:0 =<

Example: ωs = ωN
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8. Dynamics of synchronous machines

Physics of subtransient inductance Ld´, Ld´´

In the stator coil short circuit current is must flow to keep , 

but stator and rotor current oppose, so stator and rotor field must close via air-gap, 

which decreases stator inductance:

b) After half a rotor turn ( ) rotor field has reversed. Rotor winding nearly short-

circuited by feeding DC voltage source:  

• Rotor is electrically excited with field current If

• Open-circuit stator coil voltage: sssU Ψω ˆˆ =

a) At t = 0 flux linkage of stator coil is maximum           , so induced voltage is ZERO.  

Now short circuit occurs. Flux linkage stays constant:       
ss Ψψ ˆ=

.0/ constdtdu sss =→== ψψ

With add. damper cage: 

Big stator current needed for 

Dynamic field current is big

to keep  

πω =ts

ssd iL Ψ̂2ˆ =′′

)()/(ˆ2/ˆ2ˆ πωωΨ ==′′=′′= tiLULi ssdssdss

.0/ constdtdu fff =→== ψψ

ss const Ψψ ˆ. ==

ddd LLL <<′→

ffff Iiconst >>== ˆ:.Ψ̂ψ

Peak 

current

a) b)

ddd LLL <<′′→
.consts =ψ
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8. Dynamics of synchronous machines

Sudden short circuit with damping

Sudden short circuit in stator winding after no-load generator (at constant speed )
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Sudden short circuit in 

stator winding 

after no-load:

Generator no-load = 

zero stator & damper 

currents! 

0== qd uu

Initial conditions = Generator no-load:
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8. Dynamics of synchronous machines

Solution of stator voltage equations using reactance operators
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We use for t = 0: 

⇔

We introduce:
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8. Dynamics of synchronous machines
Voltage-current-transfer function at q-voltage step uq0

at constant speed ωm = const.

1,0

1,

0

1

1

)(
q

q

q

q
qq

P

P

s

s

xsx =

′′
+

′′
+

⋅′′=

τ

τ

2,0

2,

00

)
1

()
1

(

)
1

()
1

(

)(
d

d

dd

dd
dd

P

P

ss

ss

xsx =

′′
+⋅

′
+

′′
+⋅

′
+

⋅′′=

ττ

ττ

)()())(())((

)(

2

0

sxsxsxsrsxsr

sx

s

u
i

qdmqsds

qmq
d ω

ω

+⋅+⋅⋅+
⋅−=

(

)()())(())((

)(
2

0

sxsxsxsrsxsr

sxsr

s

u
i

qdmqsds

dsq
q ω+⋅+⋅⋅+

⋅+
⋅−=

(

)/()/())/(())/((

/
:e.g.

1,01,2,02,
2

1,01,2,02,

1,01,0

qqddmqqsdds

qqmq
d

PPPPPPsrPPsr

PP

s

u
i

⋅⋅+⋅+⋅⋅+

⋅
⋅−=

ω

ω(

Pn(s): Polynomial in s of order n

)(

)(

)()( 5

30

1,2,
2

1,1,02,02,

2,01,0

sP

sP

s

u

PPPsPrPsPr

PP

s

u
i mq

qdmqqsdds

dqmq
d

⋅
⋅−=

⋅⋅+⋅+⋅⋅⋅+⋅

⋅⋅
⋅−=

ω
ω

ω(

)~
1

()~
1

()~
1

()~
1

(

)(
~

)(

)(

22

30

5

30

qdd
m

a

mqmq
d

ssss

sP

s

u

sP

sP

s

u
i

τττ
ω

τ

ωω

′′
+⋅

′
+⋅

′′
+⋅








++

⋅
⋅−=

⋅
⋅−=

(

Transfer function has characteristic polynomial P5(s) of 5th order ! 

m
a

BA

BAm
a

js

sssss

ω
τ

ω
τ

⋅±−=

−⋅−=++

~
1

)()()~
1

(

,

22



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 131

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines

Time constants as roots of characteristic polynomial P5(s) (1)

• Via induction of motion d- and q-axis are coupled at ωm ≠ 0!

• d-axis (3rd order system: s, f, D) and q-axis (2nd-order system: s, Q) 

are coupled as total 5th-order system  

⇒ Transfer function has characteristic polynomial P5(s) of 5th order ! 

• At variable speed ωm stator voltage and mechanical equation give a non-linear differential 

equation system! Linearization in a stable equilibrium operation point ωm0 gives six linearized

differential equations: Voltage equations: stator d, q, rotor: f, D, Q; mech. equation!

• At variable speed ωm the transfer function of the linearized system (e.g. ωm(ud, uq)) has as 

denominator a characteristic polynomial P6(s) of 6th order, yielding also a mechanical time 

constant τm !

dmqqsqq

qmddsdd

siru

siru

ψωψψ

ψωψψ
((((

((((

⋅+⋅+⋅=+

⋅−⋅+⋅=+

0

0

)
ˆ

1
()

ˆ

1
()

ˆ

1
()

ˆ

1
()

1
()( 2

0
2

6
qdd

m
am

ssssssP
τττ

ω
ττ ′′

+⋅
′

+⋅
′′

+⋅







++⋅+=

• The time constants                       depend also on rs and on the operation point quantities ωm0

and differ from the time constants                         .

• The time constants                       depend also on rs, ωm and differ from the time constants                                 

.

The values                   are only valid for rs = 0.
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8. Dynamics of synchronous machines

Time constants as roots of characteristic polynomial P5(s) (2)

• Roots for Pn(s), n > 4, cannot be determined analytically (N.H. Abel) ⇒ No exact formulas exist for

and

• For rs << 1 the value                             is derived as an approximation. 

• Then we obtain: 

• Summary:

1) At ωm = 0 the d- and q-circuit are decoupled. 

a) At rs = 0 the time constants are 

b) At rs > 0 the time constants are                     and 

2) At ωm = const. ≠ 0 the d- and q-circuit are coupled.

a) At rs = 0 the time constants are 

b) At rs > 0 the time constants are

Mostly we have rs << 1. Hence we can use:  
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8. Dynamics of synchronous machines

Introduction of armature time constant τa (rs << 1, xd” ≈ xq”)
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8. Dynamics of synchronous machines

Solution of stator current space vector d- and q-component
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Laplace domain:

Solution in time domain:
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8. Dynamics of synchronous machines

Inverse Laplace transform of stator current solution (1)
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8. Dynamics of synchronous machines

Inverse Laplace transform of stator current solution (2)

Abbreviations:                       ,                          or                         :

Product in Laplace domain is “convolution” in time domain:
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8. Dynamics of synchronous machines

Inverse Laplace transform of stator current solution (3)
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8. Dynamics of synchronous machines

Inverse Laplace transform of stator current solution (4)
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8. Dynamics of synchronous machines

Transformation from rotor into stator reference frame (ωm = 1)

qdrs ijii ⋅+=)( transformed into stator reference frame:
γj

rsss eii ⋅= )()(
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: defines the rotor position at sudden short circuit

Voltage in phase U at sudden short circuit:
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Stator sudden short-circuit phase current U:

γ0 = 0: Maximum DC current component,

γ0 = π/2: No DC current component
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8. Dynamics of synchronous machines

Stator current solution in phase U
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8. Dynamics of synchronous machines

Sudden short circuit stator current in phase U

- First part [ ] )cos(. 0γτω +⋅ m : AC short circuit current, frequency 1=mω : 

Starting with big amplitude dxu ′′/0 at  0=τ , decaying after three time constants dτ ′′3   

to the intermediate amplitude dxu ′/0 . 

After three time constants dτ ′3  it decays to steady state short circuit current dxu /0 . 

- Second part [ ] 0cos. γ⋅ : DC short circuit current: Decaying with  

armature time constant aτ , depends on 0γ . 

- Third part [ ] )2cos(. 0γτω +⋅ m  is AC short circuit current with double frequency 2ωm,  

which occurs only, if  qd xx ′′≠′′   , and usually is small. 
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8. Dynamics of synchronous machines

No influence of τq´´ on stator sudden short circuit current

Due to rs << 1, rD << 1, rQ << 1: No influence of             on is(τ) !qq x,τ ′′
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8. Dynamics of synchronous machines

Example: Sudden short circuit current per phase

Worst case:

Phase voltage is 

zero at short 

circuit: γ0 = 0

Maximum peak 

current:

10.8 times

rated current,

at τ ≈ π

3.13
15.01

122ˆ 0 =
⋅
⋅

=
′′⋅

≈
dm

U
x

u
i
ω

24-pole synchronous generator: Sudden short circuit after no-load at rated voltage 10 =u   

and rated speed ωm = 1, yielding stator frequency fN = 50 Hz: 

Machine data: SN = 300 MVA, UN = 24 kV, IsN = 7217 A, 15.0,3.0,1 =′′=′′=′= qddd xxxx  

Time constants: 7.15,2.94,4.905.0,3.0,03.0 =′′=′=⇒=′′=′= ddadda sTsTsT τττ  

Source: 

H. Kleinrath, Springer-Verlag

:1=mω
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8. Dynamics of synchronous machines

Best case sudden short circuit current per phase

Best case:

Phase voltage is maximum 

at short circuit: γ0 = 90°

Minimum peak current:

6.3 times rated current,

at τ ≈ π/2

At 2/0 πγ =  the short circuit occurs in phase U at 0=τ ,  

when voltage is maximum. DC component is zero due to 0cos 0 =γ .  

Amplitude of AC component : 67.6
15.01

1ˆ 0 =
⋅

=
′′⋅

≈
dm

U
x

u
i
ω

  

Source: 

H. Kleinrath, Springer-Verlag

1
2

=
⋅
∞

sN

k

I

i



TU Darmstadt, Institut für Elektrische Energiewandlung  |  Energy Converters – CAD & System Dynamics, 8. / 145

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

8. Dynamics of synchronous machines

Sudden short circuit current at long armature time constant

AC power switch between generator terminals and location of short 

circuit cannot extinguish the arc in the switch chamber during time 

span A, as long as no current zero crossing occurs

(Time span A)

Short circuit of synchronous generator (like previous Example), but 3-times increased 
armature time constant and by 2/3 decreased transient / subtransient time constant: 

Time constants: 4.9,8.62,4.3103.0,2.0,1.0 =′′=′=⇒=′′=′= ddadda sTsTsT τττ  

Source: 

H. Kleinrath, Springer-Verlag

1
2

=
⋅
∞

sN

k

I

i

Worst case:

Phase voltage is zero at 

short circuit: γ0 = 0

Maximum peak current:

11.8 times rated current,

at τ ≈ π
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Energy Converters – CAD and System Dynamics

Summary: 

Sudden short circuit of electrically excited synchronous machine

with damper cage

- Sub-transient reactance and rule the AC sudden short circuit current

- No influence of 

- DC component due to switching increases the amplitude in the worst-case 

by nearly factor 2

- Decay of DC component with armature time constant τa
- Increase of inductance of subtransient via transient to steady state

is governed by subtransient and transient rotor time constants 

- Huge short circuit current amplitude of factor 10 to 15

- Calculation valid for constant speed and small values

dx ′′ dτ ′′
qτ ′′

dd ττ ′′′ ,
ddd xxx →′→′′

1/1,/1,/1,/1 <<′′′′′ qdda ττττ
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Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

8.9.1 Sudden short circuit torque

• Sudden short circuit torque: We neglect damping of short circuit current !

For 0→τ  we get from the reactance operators for ∞→s

with 0,0 00 == qd ii  and qqdd xsxxsx ′′=∞→′′=∞→ )(,)(

)()()(

)()()(

0
00

0
00

τψτψ
ψ

ψ

τψτψ
ψ

ψ

qqqq
q

qq
q

q

dddd
d

dd
d

d

ix
s

i
isx

s

ix
s

i
isx

s

⋅′′+≈⇒







−⋅=−

⋅′′+≈⇒
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⋅′′+≈

• Flux linkage equations with neglected damping of short circuit current:

0,,, =fQDs rrrr

0

/

/

0

0

00

=
=

==

q

m

mqd

u

u

ψ
ω

ωψ
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8. Dynamics of synchronous machines

Calculation of non-damped sudden short circuit torque (1)

[ ] )sin()(,)cos(1)( 00 τω
ω

ττω
ω

τ m
qm

qm
dm

d
x

u
i

x

u
i ⋅

′′
−=−⋅

′′
−=

• Short circuit current, neglecting damping:

[ ] )cos()cos(1)()( 000 τω
ω

τω
ωω

τψ m
m

m
dm

d
m

d

u

x

u
x

u
⋅=−⋅

′′
−⋅′′+≈

• Flux linkage equations with neglected damping of short circuit current:

( ) )()sin()cos(
)(

00 τψ
ω

τωτω
ω

ψψ τω
rs

j

m
mm

m
qd

me
u

j
u

j =⋅=⋅−⋅=+ −

Stator flux linkage space vector is in stator reference frame 

constant: .00 0)(

)()(
conste

u
e

j

m

j

rsss
m =⋅=⋅= ⋅+⋅ γγτω

ω
ψψ

.:0/0 constddu sss ==== ψτψ
Compare the ideal short-circuit condition:

)sin()sin()()( 00 τω
ω

τω
ω

τψ m
m

m
qm

qq

u

x

u
x ⋅−=⋅

′′
−⋅′′≈

d

q

τω

ω
τψ mj

m
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e
u −⋅= 0

)(
)(

)sin(0 τω
ω

ψ m
m

q

u
⋅−=

)cos(0 τω
ω

ψ m
m

d

u
⋅=
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8. Dynamics of synchronous machines

Calculation of non-damped sudden short circuit torque (2)

( ) ( ) [ ]

[ ] )sin()cos(1)cos()sin(

)sin()cos(1)sin(
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• Short circuit torque with neglected damping of short circuit current:
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• Example: 7-fold rated torque as AC torque with rotational frequency: ωm = 1

)(0 qd xx ′′≈′′≈
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8. Dynamics of synchronous machines

Short-circuit torque oscillation with ωm

• Result:

Short-circuit torque me pulsates with ωm due to DC stator flux linkage ψs

• Undamped stator flux linkage space vector is 

in stator reference frame constant:
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• Undamped stator short-circuit current in rotor reference frame:
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• In stator reference frame:
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8. Dynamics of synchronous machines
Non-damped electromagnetic short circuit torque (rs , rf , rD,Q = 0)

• For subtransient symmetrical machines                 the dynamic short circuit 

pulsates with angular frequency       with big amplitude      

• Average value of torque is (nearly) zero:   

• With damping (e.g. rss > 0) torque decays with time constant         due to  

• With damping: Average torque          is bigger than zero: Mechanical input power 

via torque is converted into the losses mainly in the stator winding (minor: damper & field) 

• Ratio peak torque/average torque is very big                             : Endangers machine shaft

• Short circuit at full load overexcited: if0, ψ0 bigger ⇒ short circuit current bigger ca. + 10%

• Two-phase sudden short circuit: Peak current ca. -15%, but peak torque by +30% bigger

qd xx ′′=′′
mω )/( 22

0 dm xu ′′⋅ω

Three-phase sudden short circuit: )2sin(
11
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8. Dynamics of synchronous machines

8.9.2 Measurement of transient machine parameters
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AC envelope:

From the measured 
envelope  
of the symmetrical AC short  

circuit current time function 
AT REDUCED STATOR 
NO-LOAD VOLTAGE the 

time constants dd TT ′′′ ,  and 

the reactances ddd XXX ′′′ ,,  

are determined. 
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8. Dynamics of synchronous machines
8.9.3 Synchronous machine transient equations for RUNGE-KUTTA solution

Initial conditions:

taken from: 

and:

QQqqhQ

Qqhqqq

ffDdhddhf

fdhDDddhD

fdhDdhddd

Jsqddqm

ffff

QQQ

DDD

dmqsqq

qmdsdd

ixix

ixix

ixixix

ixixix

ixixix

miidd

irudd

irdd

irdd

irudd

irudd

+=

+=

++=

++=

++=

−−=

−=

−=
−=

−−=

+−=

ψ

ψ

ψ

ψ

ψ

τψψτω

τψ

τψ
τψ

ψωτψ

ψωτψ

/)(/

/

/

/

/

/

fqds uuum ,,,

00000 ,,,, fQDqd ψψψψψ
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Six 1st order differential equations

Five algebraic flux linkage equations

Given external quantities:

0γFor inverse PARK-Transformation:
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8. Dynamics of synchronous machines

Example: Initial conditions for synchronous machine transients
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Generator no-load condition:
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From that we get with the 

stationary equations:

000 11 fdhfdhmq ixixu ⋅⋅=⋅⋅== ω
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8. Dynamics of synchronous machines

Example: Turbine generator: Reactances

Data set:
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2-pole turbine generator 600 MVA, 26 kV Y, 13.32 kA, 50 Hz, 3000/min, IfN = 1800 A, UfN = 146 V:

Hydrogen-gas cooled (H2) (ABB Birr, Switzerland (now GE)) 
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8. Dynamics of synchronous machines
Example: Turbine generator: Time constants & short circuit current
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A)1450851332327.7ˆ( , =⋅⋅=ksI
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8. Dynamics of synchronous machines
Turbine generator assembly in the test bay 

before short-circuit test at 10% no-load voltage

Air-cooled two-pole 

turbine generator

Source: 

ABB (now GE), 

Birr, Switzerland

400 MVA

3000/min

50 Hz
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8. Dynamics of synchronous machines

Power switch between generator and transformer

“Pressurized gas generator current switch” between generator winding and 

transformer for short-circuit current switching-off

One phase of three-phase 

current switch of four-pole 

turbine generator in nuclear 

power plant Krümmel, D

Opened during revision

Source: Wikipedia.de

Generator data: 1.4 GW el. 

power, 1500/min, 50 Hz

Estimation of short circuit peak 

current:

kA8.30727ˆ

kA1.31kV,26;o.e.85.0cos

=⋅⋅≈

===

Nk

NN

II

IUϕ
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8. Dynamics of synchronous machinesExample: Sudden short circuit at 

zero voltage crossing (1)

Analytical

(for ωm = 1 = const. 

and small rs)

vs.

numerical 

calculation

1642.0,0731.0,1313.0

,66.1,73.1,19.0

1200

0867.0,0187.0,001.0,004.0

===

===
=

====

σσσ

σ

τ

fQD

qhdhs

J

QDfs

xxx

xxx

rrrr

Difference in stator currents 

negligible, as stator 

resistance is small!

Difference in torque, as 

damping is analytically 

neglected!

2-pole turbine generator 600 MVA, 26 kV, 

50 Hz, 3000/min, IfN = 1800 A, UfN = 146 V:

(ABB Birr, Switzerland (now GE))

7ˆ
, =ksi
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8. Dynamics of synchronous machines

Example: Sudden stator-side 3-phase short circuit (2)

t/s

50Hz AC component, induced by stator DC field component

Decay with armature time constant Ta = 0.2 s

Sudden 3-phase stator side short circuit

Subtransient effect decays 

with Tq´´ = 8.9 ms

transient effect, decay with Td´ = 1.07 s 

Subtransient effect decays with Td´´ = 36 ms

58.00 =fi

00 =Di

00 =Qi
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8. Dynamics of synchronous machines
Example: Sudden short circuit at zero 

voltage crossing with very big stator 

resistance (250-fold!)

Analytical

(for ωm = const. 

and small rs)

vs.

numerical 

calculation

1642.0,0731.0,1313.0

,66.1,73.1,19.0,1200

0867.0,0187.0,001.0,0.1

===

====

====

σσσ

στ

fQD

qhdhsJ

QDfs

xxx

xxx

rrrr

Very fast decay of stator DC 

current component = no 

oscillations on rotor side.

Big difference in calculated 

torque, as damping is 

analytically neglected!

Strong decay in speed due to 

high stator losses!

msT
r

x
Naa

s

d
a 8.0/26.00.1/26.0 ====

′′
≈ ωττ

Difference in calculated stator currents big, 

as stator resistance is big!
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8. Dynamics of synchronous machines

Enhanced flux linkage model for synchronous machines (1)

Common field lines between damper and 

field winding in the rotor slots

⇒ Flux linkage between damper and field 

winding is in cylindrical rotor 

synchronous machines in the d-axis 

bigger than 

a) between field and stator winding 

b) between damper and stator winding

Example:

Cylindrical rotor synchronous machine:

Damper bar

Field coil

axis axis axis
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8. Dynamics of synchronous machines

Enhanced flux linkage model for synchronous machines (2)

Modified d-axis equivalent 

circuit model: 

Increased flux linkage between 

damper and field winding is 

represented by the 

“coupling” reactance xc,fD !

(Dr. M. Canay, BBC, Baden, Switzerland)

No changes in the q-axis 

equivalent circuit model !

“coupling” reactance xc,fD
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8. Dynamics of synchronous machines

Enhanced flux linkage model for synchronous machines (3)

Result: For subtransient reactance

• Only small increase of xd´´ between “enhanced” and “classical” flux linkage model

• Only slight decrease of stator-side short-circuit current! 

p.u. 0488.0
01.008.0

01.008.0
04.0 =

+
⋅

+=x

p.u.0.197 
0488.055.1

0488.055.1
15.0

dh

dh
sd

=
+
⋅

+=

=
+

+=′′
xx

xx
xx σ

p.u. 185.0

05.012.005.055.112.055.1

05.012.055.1
15.0d

=

=
⋅+⋅+⋅

⋅⋅
+=′′x

“coupling” reactance xc,fD

p.u.0.197 = p.u. 185.0=

“enhanced”

model
“classical”

model

Source: 

M. Canay, PhD thesis, EPFL Lausanne
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8. Dynamics of synchronous machines

Enhanced flux linkage model for synchronous machines (4)

Result:

• “Classical” model predicts too big rotor side transient field current!

• For dynamical rotor side quantities the “enhanced” flux linkage model must be used!

07.5
197.0

1
~, ==

′′
=

d

s
ks

x

u
i

546.0

01.0

08.0
1)55.104.0(08.0

55.1
~,f =







 +⋅++

⋅= ksii

42.5
185.0

1
~, ==

′′
=

d

s
ks

x

u
i

Error with “classical” model:

-6%

-65%

Stator s.c. AC current:

Rotor s.c. AC field current:

559.1

05.0

12.0
155.112.0

55.1
~,f =







 +⋅+

⋅= ksii

p.u.0.197 = p.u. 185.0=

is,k~ is,k~

if if

“Classical”

model

“Enhanced”

model

Source: 

M. Canay, PhD thesis, EPFL Lausanne
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8. Dynamics of synchronous machines

Example: Transient field current in rotor exciter winding!

t/s

t/s

if/p.u.

if/p.u.

Sudden 3-phase stator side short circuit

if,0/p.u.

„Classical“ model

„Enhanced“ model

0.7

0.7

5.2

4.6

2.2

1.6

3.7

3.1

7.00 =fi

04.0

,08.0,01.0:modelfluxEnhanced)

12.0,05.0:modelfluxClassical)

,05.0,48.1,55.1,15.0

0867.0,0187.0,001.0,004.0

1,1,1200,50

,

00

=

==

==

====

====
====

fDc

fD

fD

Qqhdhs

QDfs

msJN

x

xxb

xxa

xxxx

rrrr

uHzf

σσ

σσ

σσ

ωτ

Numerical RUNGE-KUTTA calculation of 

the rotor field current due to stator side 

sudden short circuit after no-load operation.

Data: 2-pole turbine generator

Transient current overshoot difference:

Enhanced vs. classical flux model:

%2080.0
7.07.3

7.01.3

,

, −=
−
−

=
classicalf

enhancedf

i

i

∆
∆
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Energy Converters – CAD and System Dynamics

Summary: 

Sudden short circuit torque and measurement of transient machine

parameters

- Stator DC current component is,DC causes alternating short-circuit torque 

with big amplitude (factor 6 … 8), 

decaying with ca. 50% armature time constant τa/2

- Measurement of dynamic inductances and rotor time constants 

from sudden short circuit test (at reduced stator voltage, usually at 10%)

- Numerical calculation of sudden short circuit for non-constant speed ωm ↓

- Transient rotor currents in damper and field winding visible

- For correct rotor current calculation the more detailed flux linkage model 

of M. CANAY is needed: xc,fD
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Energy Converters – CAD and System Dynamics

8. Dynamics of synchronous machines

8.1 Basics of steady state and significance of dynamic performance of 

synchronous machines

8.2 Transient flux linkages of synchronous machines

8.3 Set of dynamic equations for synchronous machines

8.4 Park transformation

8.5 Equivalent circuits for magnetic coupling in synchronous machines

8.6 Transient performance of synchronous machines at constant speed operation

8.7 Time constants of electrically excited synchronous machines with damper cage

8.8 Sudden short circuit of electrically excited synchronous machine with damper 

cage

8.9 Sudden short circuit torque and measurement of transient machine parameters

8.10 Transient stability of electrically excited synchronous machines
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8. Dynamics of synchronous machines

Quasi-static stability

Motivation:

• At steady state operation: 

Limit of quasi-static stability for cylindrical rotor 

synchronous machines is a max. load angle ϑ of 

±π/2 and pull-out torque Mp0

• At a sudden load step an electrically excited 

synchronous machine shows for “transient”

time scale a higher load angle 

limit ϑ >π/2 and a higher dynamic pull-out 

torque Mp,dyn > Mp,0

• This is due to the increased transient field 

current if > if0 !

dττ ′<< 30

Quasi-static stability range and 

steady state torque of cylindrical 

rotor synchronous machine

)/(30 syndpsp XUUM Ω±=±
Rs = 0:

•0/ ps MM

Bϑ

d

ps

NN

synp

N

pe

N

e

x

uu

IU

M

S

P

S

P
±=

⋅
±=±=

3

00,max, Ω
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0

8. Dynamics of synchronous machines

Steady state operation in rotor reference frame

00000 qqsdsqsdsd ixiriru ωψω −=−=

000000 fdhsddsqsdsqsq ixixiriru ωωψω ++=+=

000 fdhddd ixix +=ψ

00 qqq ix=ψ

Synchronous back EMF up 

0fdhsp ixu ω=

sm ωω =Synchronous operation:

e.g. motor, under-excited
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8. Dynamics of synchronous machines

Assumption of transient constant rotor flux ψf

• Sudden load step at electrically excited synchronous machine:

dd τττ ′<<′′ 33

rf neglected: .const0/ =⇒= ff dd ψτψ

const.=+= ffddhf ixixψ
fddhff xixi /)( −= ψ

• Stator flux linkage of d-axis during transient state:

ffdhddffdhdfdhddfdhddd xxixxxixxixixix ψψψ ⋅+′=⋅+⋅−=+= )/()/()/( 2

ddffdhdd xxxxx ⋅=−=′ σ)/( 2
• Transient reactance:

• After a sudden load step: Damper bar currents already vanished, 

transient field current still flows = “transient” time scale:

• Steady state operation: .const00 =⋅= fff iru

)()( 0 τ∆τ fff iii +=

ττψτ∆ττψτ ddirirddiruu ffffffffff /)()(/)()( 00 +⋅+⋅=+⋅==

ττψτ∆ ddir fff /)()(0

0

+⋅=

≈
43421
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8. Dynamics of synchronous machines

Transient back EMF u´p (= damping of transient if is neglected)

• Comparing stator d-axis flux linkage (for rs = 0) before and after load step in d-axis: 

 
 
a) Instead of xd now the transient inductance        is acting. 

b) Instead of 0fdhs ixω  (= stationary back EMF up) the smaller value  

fsfdh xx ψω⋅)/(  has to be taken.  

        Transient back EMF: 
 
 
                                                     

• In quadrature axis due to qq xx =′  stationary and transient conditions are identical.  

dx′

fs
f

dh
p

x

x
u ψω⋅=′

))/(( ffdhddsdsq xxixu ψωψω ⋅+′⋅==
)( 0000 fdhddsdsq ixixu +⋅== ωψω

• Xd→ X´d, Up→ U´p and use of complex calculus for sine wave us(t), is(t)

Before:

After:
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8. Dynamics of synchronous machines

Transient parameters x´d and u´p

• Result:

For synchronous machines in transient state: 

a) Calculate phasor diagram in rotor reference frame like in synchronous state, 

b) BUT

- take instead of up the transient back EMF

- take instead of synchronous reactance xd the transient reactance .dx′

pu′

• Transient back EMF: (For rf ≈ 0)

Induced voltage from rotor side flux of DC and transient field current if

is considered to have constant amplitude during transient state:

dττ ′< 3

dττ ′< 3
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8. Dynamics of synchronous machines

Transient stability of cylindrical rotor synchronous machine

Phasor diagram 

per phase in 

physical units in 

rotor reference 

frame

0
Example: During transient state for over-excited 

generator operation; stator resistance neglected (Rs = 0)

.const
x

x
u fs

f

dh
p =⋅=′ ψω

dqq XXX ==′

dd XX <′

:3 dττ ′<

• Transient reactance:

During transient state stator winding  

inductance is transient inductance !

• Cylindrical rotor synchronous machine:

qq XX =′
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8. Dynamics of synchronous machines
Transient electric machine power Pe,dyn of cylindrical rotor machine (1)

{ } { } )()()(Re*Re, qqddsqdqdssssdyne IUIUmjIIjUUmIUmP +⋅=−⋅+⋅=⋅⋅=

ϑsin⋅= sd UU ,  ϑcos⋅= sq UU ,  dpqd XUUI ′′−= /)( ,  ddq XUI /−=











⋅







−
′

⋅−⋅
′

′
⋅−= )2sin(

11

2
sin

2

, ϑϑ
dd

s

d

ps
sdyne

XX

U

X

UU
mP

• Looks like salient pole machine power characteristic, 

but is cylindrical rotor characteristic in transient state !

• Dynamic pull-out torque:

• Calculating overload power from phasor diagram at given voltage Us, U´p and Rs = 0:

synpdynedynp PM Ω/,,, =

[ ]ddqdpqdsdyne XUUXUUUmP //)(, −′′−⋅⋅=

[ ])(/ 11
,

−− −′⋅−′′⋅−= ddqddpdsdyne XXUUXUUmP

syn

dyne
dyne

P
M

Ω
,

, =

0, pdynp MM >
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8. Dynamics of synchronous machines
Transient electric machine power Pe,dyn of cylindrical rotor machine (2)

-











⋅







−
′

⋅−⋅
′

′
⋅−= )2sin(

11

2
sin

2

, ϑϑ
dd

s

d

ps
sdyne

XX

U

X

UU
mP

2/at ppdyn,e, πϑ >P

Generator mode:

)2sin(
11

2
sin

ˆˆ)2/(

2
,

, ϑϑ ⋅







−
′

⋅+⋅
′

′
−=

⋅
=

dd

s

d

ps

NNs

dyne
dyne

xx

u

x

uu

IUm

P
pp.u.-power:

“Inverse” transient saliency between d- and q-axis:

⇒ Stability range > ±π/2, increased overload power

dqd XXX =′<′
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8. Dynamics of synchronous machines

Transient pull-out power & transient pull-out torque 

Example:
Over-excited synchronous generator with cylindrical rotor:

Data: 1=su , 1=si , °= 45Nϑ , 1=dx , 3.0=′dx , rs ≈ 0.

• Transient pull-out power / torque much bigger than at steady state, e.g.: 3.68/1.41 = 2.6! 

Synchronous pull-out power: Increased dynamic pull-out power: 

41.1/)/(0, −=−= dpsNNspe xuuIUmP 68.3)/(,,,, −== NNspdynepdyne IUmPp

1cos −=sϕ

pp uu <=′ 92.0j

j

is is °>°=

°±=

=

908.116

8.116

:0/)(

,

,

,

dynp

dynp

dyne dpd

ϑ

ϑ

ϑ

!61.2
41.1

68.3

0

, ==
p

dynp

M

M
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8. Dynamics of synchronous machines

Transient electric machine power Pe,dyn, salient pole machine

{ } { } )()()(Re*Re, qqddsqdqdssssdyne IUIUmjIIjUUmIUmP +⋅=−⋅+⋅=⋅⋅=

ϑsin⋅= sd UU ,  ϑcos⋅= sq UU ,  dpqd XUUI ′′−= /)( ,  qdq XUI /−=   














⋅









−
′

⋅−⋅
′

′
⋅−= )2sin(

11

2
sin

2

, ϑϑ
qd

s

d

ps
sdyne

XX

U

X

UU
mP

• “Inverse” transient saliency between d- and q-axis:

Cylindrical rotor machine            Salient pole rotor machine

Synchronous state

Transient state

qd XX = qd XX >

dqd XXX =<′ dqd XXX <<′

)2sin(
11

2
sin

ˆˆ)2/(

2
,

, ϑϑ ⋅









−
′

⋅+⋅
′

′
−=

⋅
=

qd

s

d

ps

NNs

dyne
dyne

xx

u

x

uu

IUm

P
p

• Calculating overload power from phasor diagram at given voltage Us, U´p and Rs = 0:
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8. Dynamics of synchronous machines

Including of transformer impedance ZT ≈ j·Xk

Transformer equivalent circuit per phase

(magnetizing current neglected):

kk

k

XRRR

XXX

<<′+=

=′+

21

21 σσ

Transformer resistances neglected

Steady state phasor diagram of 

synchronous machine, including 

transformer impedance ZT ≈ j.Xk

Ugrid

Power 

switch

Transformer

Short circuit on the transmission 

line

Grid
(Rs = 0)

kkkT XjXjRZ ⋅≈⋅+=

Us Ugrid
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- Synchronous machine is operating after a 

“transient disturbance” with the transient 

phasor diagram during the short time of ca. 3T´d

- Load angle ϑT:

Between q-axis and “impressed” grid voltage ugrid!

- Reduced back EMF up´,

but increased dynamic pull-out torque Mp,dyn!

- Resultant impedance x´d + xk

- Resistances rs, rk neglected!

Power 

switch

Transformer

Disturbance (e.g. short circuit)

on the transmission line

Grid

8. Dynamics of synchronous machines

Transient stability (1)

ugrid

q-axis

Example:

2-pole turbine generator

& block transformer

Generator mode

over-excited
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8. Dynamics of synchronous machines

Transient stability (2)

1: Steady state operation ϑTB, Ms, 

when short circuit occurs  

a) Machine shifts fast from sub-transient to 

transient state

b) Switch disconnects generator ⇒ is, Me = 0

c) Turbine torque Ms accelerates generator:

n > nsyn, doing the work W1 > 0⇒
load angle ϑT increases

0
T2

T1

T
se

2 <⋅
−

= ∫
ϑ

ϑ
ϑd

p

MM
W

1

Steady state 

curve

Transient curve

2 3

Maximum allowable: W1,crit!

Equal “areas” W1
.p = W2

.p

•

(„Flächensatz“)

2: Fault clarified, generator reconnected, is current flows:

a) Transient torque Me brakes the generator set: Work W2 < 0

b) Speed n > nsyn decreases, but load angle still increases to ϑT2

3: If -W2 = W1⇒ At ϑT2 the gen-set speed reaches again 

synchronous speed n = nsyn⇒ Generator synchronous again =  

Transient stability is fulfilled!

0)/(
T1

TB

Ts1 >⋅−= ∫
ϑ

ϑ
ϑdpMW
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8. Dynamics of synchronous machines

Transient stability: Sketch of load angle ϑT & speed n

t0

nsyn

ϑTB

n(t)

ϑT(t)

•ϑT1krit

• ϑT2

nϑT

Short circuit

tcrit

Power recovery

Excitation of low-frequent (fd,m) mechanical torsional

rotor oscillation (damping α by damper cage)

2
,

2

1 α
π

ϑ −
⋅

⋅=
J

cp
f md ϑϑ ∂

∂
= eM

c
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Case 1: W1 < W1,crit : Stable operation, 

because small acceleration ⇒
generator re-synchronizes.

Case 2: W1 = W1,crit : Critical case: 

Still stable operation ⇒
generator re-synchronizes             

Case 3: W1 > W1,crit : Too big acceleration. 

Sufficient braking not possible within load 

curve range 0 ≤ ϑT ≤ π: ϑT > π = Slipping. 

Unstable operation⇒
generator does not re-synchronize. 

It is further accelerated and must be 

switched off the grid.

New synchronization process needed, 

starting from no-load!             
1 2 3

W1,crit

•

8. Dynamics of synchronous machines

Transient stability (3)
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8. Dynamics of synchronous machines

Critical fault clearing time tcrit

ϑT,crit ~ tcrit

Case 2: W1 = W1,crit = W2

•

Case 2: W1 = W1,crit : Critical case: Still stable 

operation, generator re-synchronizes             

TB

2
crits

T1crit
2
ϑϑ +⋅⋅−=

t

J

M
p

el.degrees:sse e
e MMM
p

J γ
γ

−=−=⋅
&&

)(/cos)/( synsNsyns ΩηϕΩη ⋅=⋅= SPM

N
2

2
N

B

N
J

Sp
J

Mp
JT

⋅
⋅=

⋅
⋅=

ωω

s
TBT1critcrit

2
)(

pM

J
t

−
⋅−= ϑϑ

ϑΩγ &&&&& =⋅= pme

)cos(

2
)(

sN

J
TBT1critcrit ϕω
ϑϑ

−⋅
⋅−=

T
t

p/Nsyn ωΩ =

Consumer reference 

frame:

Generator: Ms < 0

1≈η
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8. Dynamics of synchronous machines

Example: Critical fault clearing time tcrit

)cos(

2
)(

sN

J
TBT1critcrit ϕω
ϑϑ

−⋅
⋅−=

T
t

Example: 2-pole turbine generator:

S
N 

= 850 MVA, 50 Hz ; T
J

= 5.4 s

cosϕ
s

= -0.9 (consumer reference frame)

st 203.0
9.0502

4.52
)899.098.1(crit =

⋅
⋅

⋅−=
π

rad899.05.51,rad98.145.113 TBT1crit =°==°= ϑϑ

ϑT2 = 165.4°ϑTB = 51.5°

ϑT1crit = 113.45°

W1 = W2

Ms / MB = 

= cosϕs = -0.9

•

dTt ′<crit

• The fault must be cleared within 203 ms, 

otherwise the generator set will not re-synchronize!

• , so that transient machine condition is still valid!
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8. Dynamics of synchronous machines

Nowadays operation of generator-sets during the fault

- Due to the short “critical fault clearing time” tcrit the generator set is kept operating

at the grid even after a severe fault (e.g. short circuit)

- The power p ~ usis to the grid is in the worst-case zero (fault near generator: us = 0)

- The average air-gap short circuit torque is nearly zero: me,av = Me ≈ 0⇒ Turbine   

accelerates generator-set due to zero (or small) braking torque Me = 0.

- When the fault is cleared (and the faulty line is switched off) within t < tcrit (transient 

stability), the grid voltage us suddenly appears again at the generator terminals via the 

healthy parallel lines ⇒ is , Me > 0 = “load step”

- This “load step” causes a new transient is(t), Me(t), which might cause torsion resonance

- Resonance torque must stay within mechanical safety limits !   
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8. Dynamics of synchronous machines

Example: Transient stability at sudden short circuit

o.e.85.0cos ,1,1 −=== ϕss iu

ms 275crit == tt

1642.0,0731.0,1313.0

,66.1,73.1,19.0

1200,0867.0,0187.0,001.0,004.0

===

===

=====

σσσ

σ

τ

fQD

qhdhs

JQDfs

xxx

xxx

rrrr

2-pole turbine generator 600 MVA, 26 kV, 50 Hz, 

3000/min, IfN = 1800 A, UfN = 146 V, no transformer; 

short circuit after rated generator load

Literature: D. Oeding, B. Oswald / El. Kraftwerke & Netze, Springer, Berlin, 2016
Short circuit: us = 0

Fault cleared = voltage recovery

“Synchronous machine effect”

oscillation: ca. 2 Hz
AC short-circuit torque, 

50 Hz-oscillation

ϑB ≈ 41°

me = -0.85

(Source: ABB Birr,

Switzerland (now GE))
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8. Dynamics of synchronous machines

Example: Transient instability at sudden short circuit

o.e.85.0cos ,1,1 −=== ϕss iu

ms 275ms 276 crit =>= tt

1642.0,0731.0,1313.0

,66.1,73.1,19.0

1200,0867.0,0187.0,001.0,004.0

===

===

=====

σσσ

σ

τ

fQD

qhdhs

JQDfs

xxx

xxx

rrrr

2-pole turbine generator 600 MVA, 26 kV, 50 Hz, 

3000/min, IfN = 1800 A, UfN = 146 V:

(Source: ABB Birr, Switzerland (now GE))

Generator set 

turned off
Generator set 

turned off

Literature: D. Oeding, B. Oswald / El. Kraftwerke & Netze, Springer, Berlin, 2016
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8. Dynamics of synchronous machines 

Example: Transient stability

Due to sudden short circuit on a parallel line the generator operates on a short circuit 

and is accelerated by the turbine

Generator 

power-switch 

remains 

closed!

Transformer

Line power-switch 

clears the fault!

Short circuit on parallel line

G
ri

d

Source: Prof. M. Liese, TU Dresden
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8. Dynamics of synchronous machines

Numerical calculation of shaft torque during fault clearing

Me: electromagnetic air-gap torque

M4: shaft torque at coupling no. 4 Source: Prof. M. Liese, TU Dresden

Steam

High-

pressure
Medium

pressure

Low-pressure

Synchronous generator

Brushless 

exciter

Steam turbine set

P
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8. Dynamics of synchronous machines

Numerically calculated torque in the air gap at coupling no. 4

Short circuit on parallel line

Faulty parallel line switched off at 190 ms 

within critical clearing time t < tcrit

me: electromagnetic air-gap torque

m4: shaft torque at coupling no. 4

Generator re-synchronizes to the grid, 

but due to torsion resonance has 

big transient coupling torque!

Generator operates on short circuit 

and accelerates

Source: Prof. M. Liese, TU Dresden
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8. Dynamics of synchronous machines

Peak torque at the coupling no. 4 is BIGGER than air gap torque due

to torsion resonance excitation in the long shaft

me: electromagnetic air-gap torque

m4: shaft torque at coupling no. 4

Parallel line switched off within critical clearing time t < tcrit

Average load torque

Peak torque at the 

coupling no. 4

Source: Prof. M. Liese, TU Dresden
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8. Dynamics of synchronous machines 

Breaking of shaft at Porcheville (F)

Example:

Broken shaft of the two-pole 600 MW turbine generator 

at the thermal power plant Porcheville, France, 

during re-synchronization of the generator after short 

circuit clearing.

(1977)

• Due to torsion resonance the exciting air-gap torque Me causes big shaft torques, 

especially at coupling no. 4, where M4 exceeds the air-gap torque !

• In case of too weak shaft design, the turbine 

shaft may break ⇒ lessons learned!

Source: Prof. Dr. M. Liese, TU Dresden

• Breaking of the shaft due to too large peak torque after re-synchronization

(resonance effect) !
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Energy Converters – CAD and System Dynamics

Summary: 

Transient stability of electrically excited synchronous machines

- Transient state: Induced damper currents iD, iQ have already vanished, 

but still transient field current ∆if component flows in addition to DC field current if0

- Transient field current ∆if increases dynamic stability of synchronous machine

- During transient time constant increased dynamic pull-out torque Mp,dyn

- Increased transient pull-out torque Mp,dyn helps to stabilize grid

- Critical fault clearing time tcrit is increased by increased transient torque Me,dyn

- Transient stability peak torque limit Mp,dyn much bigger than steady-state stability torque limit Mp,0

- At grid voltage recovery after fault resonant torque amplification may occur⇒ Careful turbine-

generator shaft design necessary
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Energy Converters – CAD and System Dynamics

What did you learn in this course ?

- How to design an electric machine electromagnetically!

- Example of squirrel cage induction machine was chosen, 

as it is the working horse of modern drive technology.

- Wound-rotor induction machine is included in text book !

- Thermal design has been presented ! 

- Dynamics of 

a) DC machine, 

b) induction machine and 

c) synchronous machine 

was discussed, using for linear or linearized equations Laplace transform !

- For non-linear equations MATLAB/Simulink program package was introduced !
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Energy Converters – CAD and System Dynamics

That´s all, folks !

Thank you for your attention !

Good luck for your further studies !


