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7. Dynamics of induction machines
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Energy Converters — CAD and System Dynamics

/. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines
Per unit calculation (p.u.)

Example: Ohm’s law:
-U=10V,R=2Q: How big is current 1 ?

- Rated voltage and current: Uy, =5V, Iy =5A

(i) Calculated with physical numbers: /1=U/R=10V/2Q=5A.
- Check of physical units: V/Q=V/((V/IA)=A

(if) Calculated with per unit numbers:
u=U/Uy=10/5=2,Zy =Uy /Iy =5/5=1Q.

r=R/Zy=2/1=2 =>i=ul/r=2/2=1

Note: i=l1pu. Isequalto i=1/Iy=1 = I=i-Iy=1-5A=5A

Drawback: p.u. have the physical units 1, so checking of results of analytical
calculations by physical units check is no longer possible.

Benefits: The calculation result gives directly an impression of the degree of loading
of the electric device.

%"0
11>
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7. Dynamics of induction machines
Basic rules for per unit calculation

 Values for per unit calculation are taken from machine data plate

* In three phase systems the rated impedance Z has to be calculated with
phase values = ratio of rated phase voltage versus rated phase current.

 Data plate voltage & current values are ALWAYS line values !

 Electric machine models are based on phase values in order to be
independent from the kind of winding connection (Y or D). For per unit
voltage, current and impedance calculation: rated phase values are taken.

» Symbols for per unit values are small letters (u(?), i(¢), ...).

 For time varying voltage, current etc. in physical units capital letters are used here

(U(), 1(2), ...).

s
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7. Dynamics of induction machines
Typical data plate of electric machine

« Example: Six-pole cage AC induction machine:

Type MKG-222 M06 F3B-9 ...... Motor Company/2003
AC-Motor Nr. 691 502

400V Y 84 A

45 kW 1490/3000 /min  S1

75 Hz cosp=0.88

Th.CL. F IP 44

» We calculate from the data plate the rated u & i phase values and the rated impedance:

Un.pn =Uy /N3 =400//3=231V =230V, 1y, =1y
Zy =Uy pp/ Iy py =230/84=2.740

& %
L7711\ 10
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7. Dynamics of induction machines
Summary of per unit values (1)

- Per unit time: 7 =w,, -t
- Per unit electric angular frequency: o, = Q2. /oy ®, =0, /oy
- Per unit mechanical angular frequency: o, =Q, - p/wy

- Per unit electric resistance: r, =R,/ Z r.=R./Zy Zy =Uypn ! In pi

e.g.: [y =50Hz,t=1s: |7=wy - t=27-50)-1=314.16 50 cycles: 50-27 =50-6.28 =314.16

e.g.: fy =50Hz, f, =150Hz: Q2 =27f, =27-150/s=942.5/s
oy =27-50=314.16/s |, =2,/ wy =942.5/314.16=3.0

e.g.: fy =50Hz, wy =314.16/s5,n=1000/min,2p =8:

Q. =2m=2r-(1000/60)=104.7/s

(Qyn =27 fn/p=27-50/4=78.54/s) |, =2, /0, =104.7/78.54 =1.33
w, =0 -plogy=104.7-4/314.16=1.33

TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7. /7
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder




7. Dynamics of induction machines
Summary of per unit values (2)
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- Per unit inductance: x, =wy - L,/ Zy x,=0y L,/ Zy x.=oy-L./Zy
- Per unit electric voltage: u, =U, /(\/EUN,ph) u, =U, /(\/EUN,ph)

- Per unit electric current: i, =/ /(\/EIN’ph) =1, /(\/EIN,ph)
\/5 : UN,ph

@y

- Per unit magnetic flux linkage: v =% /¥y Yy =

e.g.: L, =10mH,Zy =20, fy =50Hz: | x,=wy L,/ Zy =(27-50)-0.01/2 =1.57
(X,=wy L, =27-50)-0.01=3.14Q2) x,=X 3.14/2 =1.57
\/_NUNph 2 231

@y 27 -50

w=%/%¥y=3/1.04=2.885

e.g.: ¥ =3Vs, Uy ,, =231, fy =50Hz: ¥y = =1.04Vs

,ph —

Result: High flux linkage = high iron saturation must be expected!

L7/ ] 1\t
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7. Dynamics of induction machines TECHICHT:
Per unit electric phase voltage and current

DARMSTADT

¢ In dynamic calculations instantaneous values U(t), I(¢) are derived as results.

e Therefore in AC machinery the per unit calculation is done with the momentary
peak values (amplitudes) of the stationary sinusoidal rated operational values.

u (1) =Us(O)/(N2-Uy ) i(0)= L) /(N2 Iy )

e Example: Sinusoidal rated operation: [ (t) = V2 Iy pp -sI(27f 1)
iy | iy (7) = Iy () (N2 - Iy ) =1-sin(7)

1
- One RATED “per-unit” period is ALWAYS 2,
- T=wyt independent from rated frequency fy

0 2 I47T

kY

"

=
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7. Dynamics of induction machines
Summary of per unit values (3)

a) Per unit torque:
- Reference: Rated apparent torque Mg = rated APPARENT power Sy vs. synchronous speed !

- This Mg includes power factor cosgy and machine efficiency !

Sy

Note:
Induction motor operation: Rated apparent torque Mg is bigger than rated torque My :

Sy _ Py /cosoy -ny) _ Py I=sy gy d=sw

M, = :
P oyl p e QN COSQy Ty N cosgy - my
I—SN
1_
CoS @y Ny

b) Per unit moment of inertia:
- Rotor inertia J is calculated from T, as per unit starting time constant 7.

Mg
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7. Dynamics of induction machines
Per unit calculation from data plate values

4-pole cage induction motor | 18.5 kW 1465 /min S1
50 Hz cos@ = (.84 J=0.054 kgm?
Th.CIL. F IP 54

Zn=Uy ! Iy py =231/345=6.67Q Sy =3-Uy Iy =3-231-345=23.9kVA

L7/ ] 1\t

My = v - 299 1555 Nm My = Pv 1899 50 6Nm
Q275072 Q v 27-(1465/60)
1500 —-1465 P 18.5
Sy = =0.0233 Ny = y - =0.9215
1500 Sycosgy 23.9-0.84
My 1522 l-sy 1-0.0233 . /2231
= =1.262 = =
My  120.6 cospy -y 0.84-09215| Fy =——7———=1036Vs
314 1
T - 0.054 ° ° - 0.056 S —_— - . -
J S 15293 7, =wyT; =314-0.056 =17.58
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7. Dynamics of induction machines 2 Technische
Dynamic p.u. equations "

P~ DARMSTADT

o \/oltage equation per phase

a) in physical units:  \{U(t)=R-1(¢)+ dﬁ;(f)
t
b) in per unit system:
u(oyt) =2 RO RERINTIN L0 () = r-i(z) + O
\/E.UN’ph \/E.UN’ph \/E'IN,ph ‘/E'UN,ph .d(a)Nt) dt
DN

e Mechanical equation

d,,(1)

A = M) =M, (1)

a) in physical units: |J

b) in per unit system:

Wy / dQ (t M, (t)-M (¢ dw, (7
a)NJ A]\;pa) m() — 6(3\4 S() BN ;- Cll’n( ):me(f)_ms(f)
N T
B ZN d(wyt) B
:é'
TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 12 ﬁ g:
;,,,i

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder



TECHNISCHE
UNIVERSITAT
DARMSTADT

Energy Converters — CAD and System Dynamics

Summary:
Per unit calculation

- Name-plate data used for per-unit calculation

- Usually phase quantities used for p.u.

- Not the rated real torque M, but the rated apparent torque Mg used for p.u.
- Fast estimate of percentage of loading of a device possible by p.u. values

g

amns*
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7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
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7.7 Solutions of dynamic equations for induction machines with varying
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7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines 17, TECHNISCHE
Three phase dynamic voltage equation

&)=\ UNIVERSITAT
P~ DARMSTADT

o dy,y(7) \ 1
gy (1) =ry iy (1) + o7 3 3 From 3 phase voltages
. dWS V(T) 2 1
u T)=7r1,"1 7T)+ - —-a -+ -—r+
S,V( ) S S,V( ) dr 3 = 3
. dysw()| 2 > 1
uS,W(T):rs°lS,W(T)+ ZT 'E'Q g
dy (7)
u (r)=ry i (0)+—— .
dr ONE space vector equation
.o (z) =1, io(T)+ d'?”c;()(r) ONE zero sequence equation
T
Voltage space vector: Zero sequence voltage:
2 1
uy(r)= 3 (MS,U (D) +a-ugpy(7)+ a’ 'us,W(T)) Ug o(7) = 3 (us,U (7)) +ug p (7)) +ug (T))
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7. Dynamics of induction machines
Stator and rotor reference frame

Example: 7
Reluctance | 7/ 7s(?) : Circumference angle in stator reference frame
S
?\/ (1) : Circumference angle in rotor reference frame

,elecrical degrees": ZpZ'p = p-ZTp & pelr

Relationship between circumference angles in stator and rotor

reference frame:
(»Galilei-transformation®):

YO =y, +y@)=y,+p-2,-t

\ 4

A

Si Y
Q =2r-n=—-2=" Q =2r-n-
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7. Dynamics of induction machines
Reference frames = Co-ordinate systems

- Stator reference frame (s): c-axis is Re-axis, f-axis is Im-axis
- Rotor reference frame (r): d-axis is Re -axis, g-axis is Im -axis
- Arbitrary reference frame (K): A-axis is Re-axis, B-axis is Imy-axis

B-axis p-axis

g-axis ImK‘ ITS (Rer , d-axis
Iml" \ /
A A \ /
V(t)s =V (@) e/e) a\(;)\ 7Y _ wReK, A-axis

Space vector IV — —
Y

"

=
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7. Dynamics of induction machines ) Technische
. . UNIVERSITAT
Space vector Vin different reference frames

o S DARMSTADT

Rotor reference frame is shifted by rotation angle y(¢), measured in "electric
degrees™:

y(H)=p- jfz (t)- drwo—j

2, ()

oy -dt+yy =0, (@) dr+y, =y(7)

owN p 0

ja ja —'

7
V(r) Visy-e V(K) Visye

Space vector coordinate transformation:
- from stator reference frame to reference frame K: multiplication by - e /o)

- from rotor reference frame to frame K : by multiplication with - e~/ (6@)-7(@),
V(K) —V.el%. o™ 5 _ V.el® .77 oIV ,e—j5 . ,e—j(5—7/)

—(r)
&

TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 18
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder i

“anmn>*

%



7. Dynamics of induction machines
Three phase rotor dynamic voltage equation

« Space vector rotor voltage equation:
in rotor reference frame

' ( ) P ( ) dW',,(T) Subscript (r) means:
u T)=17r,."1 T)+— i t f f ”
a4 4 r by iz // in rotor reference frame

(r)

!/ [/ of dw’ (T)
Up(7) =1 - 1,0(7) + A /

dr )

* Note: Cage induction machine:
Q.phases: May be treated as a 3-phase machine,
transformed into space vector formulation !

%‘/ g
s
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7. Dynamics of induction machines
Transformation of voltage equation between reference frames

e Rule for differentiation of product of two functions:

d(%zs(r).e—fa(r)):e_ jsw W@ oy (T).d!e;:(f)_) ey y (7) iy (@) jo@ d(8(0)

dr dr —S dz' —S dr

e Transformation of voltage equations into arbitrary co-ordinate system K:

. o dy . dy as
—jo . —jo 7 —jo : —s(K)
ES(K):%S.Q J :]/S.ls.e J + dTS.e J :rSlS(K)—i_d—SZ_—l_.] dz- ZS(K)
' ' — . — dl/j, — dl// r(K d(5_7)
W, =t e Jj(& 7):,,r.lr Jj@e-n L “Tr - e IO Z ik dz'( ) L ;. =
oo, d6.
Usk) =Ts Lsry T T Wk
' s +dl//7'(K)+-.d(5 7/)
Lrk) =l bray T g7 Lk

g'Imlv"
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7. Dynamics of induction machines
Transformer and rotary induction

Transformer
induction
\ /
dﬂs(K) do \

, Y, &)

u :]/‘ .i _ ..—.
oK) = Ts "Le(K) iz [ J7 v

Wy =1Lyt ir /

NS
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7. Dynamics of induction machines
Mainly used reference frames (1)

Reference frame Anqular rotation of reference frame

stator reference frame do
ot)=0: 0y =—=0
rotor reference frame . dy
(d, g) 5:7/.a)K(r):d—T:a)
T

Induction machine: 0= .7 dﬂr . '
=r

I".l—I"+ —_ .a).
W =0+7-0— ar O
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7. Dynamics of induction machines
Mainly used reference frames (2)

do

Stator reference frame (o, ) 5(r) =0: wy = e 0
T
dy dy’
—S(S) I} . —7"( ) [}
U(s) =75 "Ls(s) T O=r Loy ¥ =T OV
Rotor reference frame (d, q) 0 =y : wg(7) = % =,
T
Wi e

Usry =T byt OV 0= T Dyt

0
Synchronous reference frame (a, b) oy (7) = on(®) _ 2,(2) _ w,
oy p Wy

dy

+ Lsy) + 0) l//
Us (syn) — Ly (syn) dr ] L_s(syn)
d ’
u’ =r. i + %ﬂwm+'(w—ﬁv)-'
=r(syn) ro=r(syn) dr J § m Kr(syn) .
Z
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TECHNISCHE

7. Dynamics of induction machines

UNIVERSITAT
Example: Voltage equations in stator reference frame DARMSTADT
e In stator reference frame: « - f-system: components:
, Im
A 2 Induction machine:
usﬂ , O
u =
U, =u,, +j-u —r
s s sp 0 . o, Re
usa
dy U, =1, 1, +dy,, /dr
. —S .
ZS_rS £S+ dr MSIB:VS‘ZSIB‘FCIII//SIB/CIIT
., dy' ’ I 0=r g +dy,,ldT+ @, v,z
O:rlf.l—r+ — _]a)ml// r oo / /
dr — O=rn-i,p+dy,z/dt—w, y,,
io=i,+ ) i =i e g A
Ls Thsa TS sp Lr=ba™ ) bp “Transformer” part  “Rotary” part
Vi=Vsa T Vsp Y =y +J Vi of voltage induction
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7. Dynamics of induction machines
Transformer and rotary part of induction

By(9) (@) Al/v Example: Rotating rotor coil (N, turns) in stator B-field

b= 2r-l-B,=®, ¥,=N_.-@,

N, Flux linkages
( «— 1V¢ 2]/.1.Bﬂ:¢ﬂ Tﬂ:NC'@ﬂ
2r < o . f;:ig Ut)+U;(t)=1(t)-R=>U@)=-U;(t)+1(t)-R

Uj(t)=—0%/0t+N, - [ (¥ x B)-ds
[

\ O, | Uy o(t)=—(2r1)-N, 0B, /0t—2v-N,-By-1

= ’ “ e ” “ g ”
v=ALyr Transformer Rotary

2-v-N,-By-1=2(2,-7)-N,-By-1=02,-N,-2r-1-Bg =, -N, - Dy =0, -¥g
p:l _Uz,a(t):_(U +U1,rot,a):dsya/dt+gmﬁyﬂ

1ir,a

Uy(t)=R-1,(t)+d ¥, | dt+ 1, - ¥g
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Summary:
Dynamic voltage equations and reference frames of induction machine

- Space vector formulation allows one voltage equation instead of three U, V, W
- One stator and one rotor voltage equation

- Different reference frames may be used: stator, rotor, arbitrary

- Voltage induction separated into ,.transformer* and ,,rotary* part
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Energy Converters — CAD and System Dynamics

7. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines
Main flux linkage

TECHNISCHE
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Main flux linkage (fundamental wave, excited by sinusoidal distributed
Magnetizing current layer of stator and rotor = magnetizing current layer):

space
curre.nt Sinusoidal
vector i (7) distributed current
layer

/éa/ : \ stator
L

y
—
)

> . Resulting
main magnetic
. flux lines
Im Yh
Zh (T) =Xp -l (T) stator—current layer
rotor rotor—current layer

2777111524
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7. Dynamics of induction machines

Dynamic stator and rotor flux linkages DARMSTADT
- Stator and rotor space current vector excite ALSO leakage flux linkage:
_SG(T) Xso " Ls (T) —ra (T) xroL_r (T) I
Q Oy -
- Per unit stray inductance: X¢g = N _~so ) x;a =&Y o
ZN ZN
- Resulting flux linkage in stator and rotor:
. of _ . of _
W=+ X ) b Xy L, = XL+ X, 'l_r = Xgo gt XL, =Y Y
/
Zr_xh +(xh+xr0') _r_xh +x r—Xncl +x0' “r l//h Zra
- Total leakage flux space vector is described by Blondel’s total leakage coefficient:
x2
o=1-—"k ,
X¢ * X, ‘
TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7. /29 §;1““§
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7. Dynamics of induction machines
Flux linkage equations independent of reference frame

- Flux linkage equation independent of reference frame!
Example: (s) — (K)
_ -jo . . —jo o -jo
V) T¥(s) € 7 2 Ls(k) Ths(s) "€ 7 o LrK) Thi(s) "€

V() = %s " Ls(s) T X L)

’ .f . — 70 o —iS
Vo) = Xs Lscy %0 Ly = Xs gy e Xyl e
g Lo )0 _ —J6 _
Vi = (s o) T 00 Lris)) € T =W 7€ T = Yy
%S(S)

%"0
LIy iNs
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7. Dynamics of induction machines
Calculation of p.u. stator and rotor flux linkages (1)

Example 1:
Induction machine operated at three-phase symmetrical sinus voltage

system (us = 1) with rated frequency o, =1.
- Stator resistance neglected r; = 0, calculation in stator reference frame:

- Inductance data: x, =2.5, x,=2.6, x,.=2.58:
Im#% . jT
u,=1l-e
No-load current i ,: i’ , =0
voltage space vector: u = 1-e/7 //
fluxlinkage w =x-iy Q " Re
dy  dy di .
U, =r i +—=Sx—S=x .0 _oJ" _
= dr dr Yo dr
S igm—jeaedT = =038
=s0 J ¥ sO = 26 20

S

L7/ ] 1\t
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7. Dynamics of induction machines
Rotor flux linkage i/, at very high rotor slip is ZERO

- Induction machine: Rotor winding is short-circuited: #',.(z)=0=0+ ;-0
- At very high rotor slip the rotor flux linkage changes very fast: 7 -i',.(v) <<dy' (7)/dz

- Rotor voltage equation in rotor ref. frame, very high rotor slip:
O=u' (v)=r, 'L'F(T)+dﬂlr(7)/d7 ~ dﬂ'r(r)/dr :>K'r(2') =const./=vO

Result:
- Rotor flux linkage at very high slip is zero! (No DC rotor flux: “const. = 0”)

- Stator & rotor main flux y;, and rotor stray flux y,_ cancel, so total rotor flux is zero!

(//I :O:%h‘i‘w'

—7r —V7ro

/

O:xh (ls +L’r)+xro"£r

L7/ ] 1\t
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7. Dynamics of induction machines

Stator flux linkage y; at high rotor slip is total leakage DARMSTADT
Very big slip Slip| >> 1: ¥ =xX,-i +x,-1, ., o
' . P L, :_(xh/xr)°l5
Kr :O:xh 'lS _|_xr 'l—}"

Stator flux linkage: ¥, = x, i, —(xj /x;) iy = xgig - (1= (x; (x1x,)) = 0 x, - i

. . . . of _ . [} o f of _
or. Zs =Xgog Ly TXp Ly T Xp L, =X "Ly — Xy, '(xr/xh)'l_r t+Xp 1, =

. R ] .., i . .
=Xso by T X "L, W =0-"X; 'l =Xs5 1o = X5,

. o ] . . . . [} of ] .
With l_r:_(xh/xr)'lsz_ls . K =0 "X, . =X.5 1 _xra'l_rz(xsa_i_xra)'zs
EENS \\

'
O - X ~xsa+xr0'

Stator flux linkage is

at high slip nearly
S

e \\{qll//}\\ equal to the total

Rotor flux linkage is —

zero!
Example: Slip = 1

S g

il

\‘i\\,(,\ W
'444@:)%2\\\\\) leakage flux!
E

«
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2. Design of Induction Machines
Rotor shielding effect at big slip

At big slip (already Slip = 1!) the rotor inner part is nearly free
of flux (“rotor shielding effect”)

\

il
Ze)!
KG
- ’V'AL&\)\))»)/ )
oLy
(((\H\\\

W7/ NS

At no-load (Slip = 0, rotor current zero) At stand still (locked rotor) Slip = 1

Numerically calculated two-dimensional magnetic flux density B of a three-phase,
4-pole high voltage cage induction machine with wedge rotor slots (Q, / Q, = 60/44) at rated voltage

N

"

=
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7. Dynamics of induction machines
Calculation of per unit stator and rotor flux linkages (2)

Example 2:
Induction machine operated at three-phase symmetrical sinus voltage system

(us = 1) with rated frequency w, =1 at high slip (e.g.: Slip > 1):
- Calculation in stator reference frame:
- Inductance data: x;, =2.5, x,=2.6, x, =2.58:

- Current data at big slip:
ls| >>1:| iy =|= (e, / x0) - i | = (0 / %)) i | = (2.5/2.58) i | = 0.97 -[i| = iy =~

Zs r-

Leakage inductances:

Xog =Xy =X, =2.6-25=0.1, x.,=x,—x, =2.58-25=0.08

. x,f 2.5
- Total leakage coefficient: o =1- =]-———=0.
g 26-258 —

Xg - X,
- Stator flux linkage at s > 1: ‘ﬂs‘ =0 X, |ig|=0.068-2.6-]i | =0.177-|i;| with total

r

!

. . _ . .f
leakage flux linkage ‘gs‘ = ‘ga‘ = \xm g = X5 'L,

=|0.1-0.08-(=0.97)|-|i;| =0.177-|i |

27711\ 3o

TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 35 &
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder ‘ lim



TECHNISCHE
UNIVERSITAT
DARMSTADT

7. Dynamics of induction machines
Example: Rotor flux linkage is ZERO at very biqg rotor slip

Very big slip |Slip| >>1: ¥ =xX;-ig+x,-i, y =0=x,-i +x.-7,

l—,r :_(xh/x;f)'zs
X, =2.5,%,5=0.1,x,,=008:7.=-0969-i, O0=xj, i ,+x;,0,+Xx.5°0,

Also the rotor leakage flux linkage is due to the 0=2571 —=2423-;1 —0.077 -
rotor shielding effect linked with the stator winding! -5 -5

| &~

. j | |
lS : : ) v =o-x,-i,=0177-i =
X1,= 2.50 X1, = 0.14, e i —0.1841
R(X.,TX 1. = VU. 1
( < resulting . 56 ro /. =s =S
N\ field ,
stator< | xpil +x A=
field |
¢ rotor =(2.423 +0.077)i, = 2.5
k field O]
~
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Energy Converters — CAD and System Dynamics

Summary:
Dynamic flux linkage equations

- Stator and rotor current space vectors i, i’. excite
resulting air gap flux linkage vector y;,
- Flux linkage equations independent of reference frame
- Separation of main and stray flux y;, w_ possible
- Physical separation of stator and rotor stray flux linkage v, _, v’
by measurement not possible
- Rotor total flux linkage .. decreases with increasing slip
due to rotor short-circuit
- Saturation may be introduced by current-depending inductances x, (i)
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Energy Converters — CAD and System Dynamics

7. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control

7771\ e
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7. Dynamics of induction machines
Torque equation

- Introduction of flux linkage and current:

Amplitude of flux linkage Amplitude of current loading:

. 2 ~ 2-m, N -1
Th:Ns'kwl°_Tpl'B5 AS:\/EJCWl'AS ASZ s NS X
(pr,)" - =3 .
M,=——"L""]-4 -Bs-cospg S S AN Me:%-p-ls-yfh-cosgog

T

- Per unit torque equation:

me (1) = —=—== A f-p-ls(t)-ﬁ”h(t)-coscoa(t)=ls(f)-wh(f)-cowa(f)
M,(t) . . Torque is product of main flux
m,(7) = =l Yy -co8Qs =ig (1) yp(7) linkage vector and orthogonal
L component of current space vector !
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7. Dynamics of induction machines
Per unit torque equation

Example: M
Stator current loading m, = Me =1,-W;, COSQs =1, "YWy
and resulting stator & B
rotor field A(7)
P L i =i -COSQ
Positive torque / sl 70 0
on stator
] @ Positive torque on rotor =
ty=1;-Bs- ACTIO EST REACTIO
N =
: 1
lJ.s =lls
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7. Dynamics of induction machines
Per Rotor torque direction with stator current

ZSJ_A

m_ > 0 on rotor

me:isL°Wh0 >l//h

- Positive counting of rotor torque in counter-clockwise sense!

(Mathematical positive counting sense!)
- Flux (linkage) space vector turns into direction of current space vector

A 4+
oammy*
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7. Dynamics of induction machines
Orthogonal vector components define torque

- Introduction of vector product:m, =i, -y, =iz Wiy —ise Wip = Im{g’s ZZ}

- If stator current space vector component is 90° leading
to flux linkage space vector = torque on rotor is positive.

A Im
Positive + /
direction of \/ .
torque on Vg 'Bs
ROTOR Yo .
0 Taz &

m, = Im{g’s v, }: Im{(im +jigp) (Whe +j'Whﬁ)*}: Im{(isa + i) (Whg —j"//hﬁ)}:
= Im{isa Wia =J Lo Wip tJ Lsp Vha Tisp 'Whﬂ}:isﬁ WVha ~lsa Vg

A 4+
oammy*
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7. Dynamics of induction machines 07, TECHNISCHE
Different formulations for the torque (1)

@)/~ UNIVERSITAT
7> DARMSTADT

My =1g| " Wp =lg Wiy ~lsg " Whp —Im{ Wh}
- Stator stray flux does not generate torque !
me = Imy, -y, = Im, -y
Proof: m, = Im{is -gz }: Im{is -(xhg': +th:)}: Im{[s ( Xgol +xhl + x50 *)}
“tmf vy, =ty
- Stator flux does not generate torque with stator current !
me=1mi, -y, = Imf, byl 1= im0

-Note: z=a+j-b=>z*=a- ]b:>Im{} b:—Im{g*}

{X : .,*} {x & .,}
m, =Impey -1 -0, j=—Impe, -1 -0,
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7. Dynamics of induction machines TECHNISCHE
Different formulations for the torque (2)

DARMSTADT

m, =1y "Yy, :isﬁ Wha ~lsa "Whp = Im{ls Kh}
me = isﬁ Wsa ~lsa Ysp = Im{ls 'ZS }
- Other formulation for torque with rotor flux linkage !

K of JK .’* of K .[* [ .’* of
m, = _Im{)‘h Lyl }: _Im{xh (g +E,) L, }Z _Im{(xh (g +E, )+ XL, )-z_,,}

/

me:_lm{ir'ﬂz}:_lmgr'ﬂi}: l//’”ﬂ "”’”0! ’”,3

Yhp> Vip 1

»

- If rotor current space vector component is 90° lagging
m, > 0 on rotor . . o
to flux linkage space vector = torque on rotor is positive.

lI'OL

E'Imlv‘
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7. Dynamics of induction machines
Different formulations for the torque (3)

- Torque formulation with rotor flux linkage and stator current (& vice versa)!

r

* v —X l_' * *
My = Imés 'xhir}: Tmq == i 'xhi"’} } Im{x}l.l/js .i”’} ) _Im{

[} o
. g% ) Z —Xply Xy, gk
mezlm%hls.l—l’}: Im< xhlS.[ : 4 :Im _!.Kr.ls

- Torque equation independent of reference frame!
Example: (s) — (K)

_ L JO0 . o
%S(K)_%S(S) € s Lp(K) T Lr(s) "€

jo  a* _ o jo
s LK) TLr(s) €

— TmJd 2. 3 Lo md 2. BTy -
me_Im{xS L s(s) ll’(S)}_Im{x L s(K) € LrK) € }_Im{

S

L s(K) .

£77711152d
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Energy Converters — CAD and System Dynamics

Summary:
Torque equation

- Orthogonal components of flux and current space vector yield torque
- Different formulations of torque with stator or rotor quantities

- Torque equation independent of reference frame

- Stray flux does not generate torque
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Energy Converters — CAD and System Dynamics

7. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines
Dynamic equations in stator reference frame

- Set of dynamic equations Uy, = o, +dy., ldrt
- Components Ugp =T *lgp +dt//sﬁ/dr
- In stator reference frame 0= r' 'm Ay, AT+ 0, W, p
- a- f-system O=rig+dy,p/dr -, v,
_ Vea = Xs 'lsa T Xy, 'i;a
VOLTAGE: 4 equations _ : y
Wsp = Xs " Lsp T Xp LB
FLUX LINKAGE: 4 equations , g

Vi = X "L -I—X,, Lra
Vip =Xp g+ X, g

dow,,
£ dr

TORQUE: 1 equation
9 equations In TOTAL !

= (l//rﬂ _l//;'a °i;’”ﬂ) — My

%"0
LIy iNs
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7. Dynamics of induction machines
A different flux linkage formulation
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/

_ . . . Kr_xh.ls )
ﬂs—xs-gs+xh-l_,,—xs-gs+xh- , :
xl"
X2 X X
_ . h h ro_ . h
gs—xs.ls. | - p + '-Zr_g.xs.ls_k =
xS'xl" xl" xl"
. _|_xh. '
KS_G Xs lS ' K;ﬁ
X
r
In the same way:
X
r P h
y =0 X Lty
T X
S

TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7. /49

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

//
g'umv‘

i



]
&7, TECHNISCHE

7. Dynamics of induction machines TECHNISCHE
Flux linkage formulation for MATLAB/Simulink model ¢ parmstao

Previous different formulation for flux linkage, useful for MATLAB/Simulink
model, in components in the stator reference frame:

X
. . of _ . h 4
Wea =Xs lgqg TXp g =0 Xy lgy T —YVia
r
— .7 + R L — . .7 +x_h. /
Ws,b’ = X ZS,B X lr,B =0 X ZS,B 5! l//r,b’
r
X
r . roar 1.t h
Wia =Xplsqg TXp by =0 Xl T — Wy
X
R
Wrﬂ = Xp ZS,B Xy lrﬂ =0 X, lr,B X WS,B
S
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7. Dynamics of induction machines

TECHNISCHE
Dynamic equations in stator reference frame for MATLAB/Simulink B/T'F{VAE\ESng
model WITHOUT mechanical equation
Ug, =V, Iy, +dy,,/dT
usﬂ =T lsﬂ +dWS,B /dt
0= r"ir'fa +dW;a /dz-+a)m 'W;ﬂ
O=r-ip+tdy,p/dt—w, v,
i Xp /
Vsa =0 Xy lyqg T Vg
r
. Xp '
Wsp =0 Xs lspt—¥ip
r
' 1o X
Viag =0 Xy Lyg T Wy
S
' Y xh
Wrﬂ =0 X, LB +_'WS,B
xS
me = '7”;,’,[)’ .i;’a _l/jz”a 'iz’fﬂ

s
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7. Dynamics of induction machines TECHNISCHE
Per unit formulation of equations in stator reference frame DARMSTADT

Usa Ysa Xh i - 1 ~i'ra . Yra ‘
o——T——Z . —Xs O'X’r —rr—>??—|4—-=
I's wm'Yrg \
‘ 1 — | Xn|
s [9%s Xr Y
- >< ||
} “@Wm % +
— IMe
- X -
BT Xn) f
{ OXg — | xr
I‘S wm.'w’ra A
) Yrg
O——i—b L —— *h 1 rr ——<')—— L =

X * gX Ty
usﬁ V/Sﬁ S _ r —lrﬁ
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7. Dynamics of induction machines
Formulation of equations in physical units

USCX q’sa Lh — 1 _I,ra , \Il’ra ‘
O "? o | = Ls "i —GL} =Ry "'?_"lé_";

Rs me\I’,rB !
I S S
Isa GLS L’l" B
il
2P
Me
-}
Isﬁ
1 Lh
6 O'LS — L,r ~
Rs .
POm-¥ira i
_ ¥
L 1 , rp
o——i——z . ...Lh E_,—Rr——é——Z—b —
Usg ¥sp = - rj-Trg Om=27mn
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Energy Converters — CAD and System Dynamics

Summary:
Dynamic equations of induction machines in stator reference frame

- In the a-B-frame:
4 voltage equations, four flux linkage equations, one mechanical equation

- Mechanical equation may be replaced by more detailed description:
e.g. torsion oscillations (resonance frequencies)
- Time-step solution via RUNGE-KUTTA

TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 54
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder




Energy Converters — CAD and System Dynamics

7. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines
Operation of induction machine at constant speed

- At constant speed ONLY voltage and flux linkage equations remain to be
solved, NO torque equation !

- Equations are linear, so Laplace transformation is used to get transfer function
,current from voltage®.

Example:

Switching voltage to an already running motor:

e.g. Y-D-start-up: Motor is running after Y-start up with no-load speed @, = const.:
then stator winding is switched in D to three-phase grid voltage system.

Grid voltage: Uy (7) =u-cos(7), uy () =u-cos(z — 27 /3), uy (r) =u - cos(z — 4z / 3)

) .
Space vector: gs(r)zg- uU(T)+g-uV(T)+Q2-uW(T) =u-e’’

Laplace transform: u =

L7/ ] 1\t
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7. Dynamics of induction machines TECHNISCHE

Laplace-transform of voltage & flux linkage equations NVERSITAT
(in stator reference frame)
. dy )
v, -1 —=u (7 ks — =
S s > Ly TSy SUHY
dW, r . -y
noeil (D) +——"=jrwy,y' (1)=0 7 > Bl +(S_J'a)m)'ﬂ,, =¥
T o N— —
~ _ L3 . of
ZS(T)sz'iS(T)erh'ﬂr(T) —> Y T Ly T XL,
y' () =x;-i,(0)+x] 1',(7) — ' =x, L XL
Initial conditions: Example: Flux, current, voltage is zero ! ¥ = =0, Zro 0

~

(rS +S.‘xS)'LS +S'xh .Zr :QS(_'_ZSO)
(s=J- @) xp-Ly+ (1 +(s=j-@,) x.)- L, =0(+y' )

Unknowns: Stator and rotor current space vectors zs (s), Z’r(s)
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7. Dynamics of induction machines TR NIIG
Solution of 2" order linear algebraic equation system DARMSTADT
(rs +S'xs)'zs TS Xp 'Zr :QS
(s=Jj-@n) 2y L+ 0+ (s~ j o) x.) 7, =0
Fo__U 1+ (s—Jj@,) X, _
e L / . ’ 2 . o
S—J (rs+S~xS)-(r,,+(s—]a)m)°x,,)—s°xh-(s—]a)m)
. u ri”’_l_(s_ja)m)’xi’” _
§— . I+ / . 1_ .a) . [}
] O—.xs.x; S2+S‘ er”' XST'I" _]a)m +rS (7",,. .] m’ ‘xl")
O-X; "X, O-Xg "X,
u rr+(s—jo,)-x , : ,
= . r ’(( J m))( r ) s U re+(s—jm,)-x,
SR A ~s—j ooxgx(s—s,)(s—s;)
Solutions for stator & |.,  u Xy (s — jw,,)
rotor current vectors: |~ = s—j o-x,-x.-(s—s,)(s—s,)
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7. Dynamics of induction machines
Second order characteristic polynomial

!/ ! !/ . !
Vg X +Xg 1 rs'(rr_fmmxr

P2(S)=S2+S° - jo, |+

O-Xg X, oxX X,
2 . .
B(s)=s +S'(as+ar_fa)m)+as'(O-'ar_fa)m)

The polynomial describes the transient electrical behaviour

of the induction machine! P (s) = (S -5, ) (S — gb)

We define: 1 o-x
- Stator and rotor short-circuit time constant: 7,  =—= >, T,y
aS rS
'xS
- Stator and rotor open-circuit time constant: 7, = —, Ty =
v
S
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7. Dynamics of induction machines
Stator open-circuit & short-circuit time constant

- Stator open-circuit time constant
- Rotor circuit interrupted

ry X

- Stator short-circuit time constant

- Rotor circuit has no resistance

SO rs xsq X rc

X
X h O-'X
—_ 5 S
Z'S— #xs< T

so
I/'S rs

: Xh
=0 X

o, =1 (Slip: zero)

@, = oo (Slip: infinite)
No rotor current = OPEN circuit @ = too, current similar to:
Change of total flux, @y = 0 (Slip: Unity)

including main flux

r'/Slip=0=~r/1=r =0.01..0.05
“SHORT circuit” = STAND STILL
Change of stray flux
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7. Dynamics of induction machines
Typical values for open-circuit & short-circuit time constant

- Stator and rotor short-circuit time constant = SHORT time constant

1 o-x, 0.1-3 1 o-x. 013
Z'ng = ~ :5’ T}"G: = ~ :5
a, r,  0.06 a, . 0.06
1 1
aszg:OZ, arzg=0.2 = a,~a,=0.2

1 1 /
TS = = xS ~ 3 = 50) TI" = = x’; ~ 3 =
oc-a, 1, 0.06 c-a, 1. 0.06

(Note: 7= 50 means 50/(2n) ~ 8 periods at rated frequency!)

L7/ ] 1\t
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7. Dynamics of induction machines
Complex linear transfer function of electrical performance

- Two poles (roots) s,, s, in Laplace s-plane, depending on SPEED !

s +s-[rsxr Hfsr” —ja)mj+ 1y (7 —SOn) 2 s s(ay +a, - jo,)+a, - (0-a, - jo,)=0
@Cle" Oxle"
2
sP+s-p+g=0 = L £ _ s ——£+ £
E g —a ) ) g ’ =b ) ) g

We discuss two special cases: \ p | | 4q

S = —= . + —_—

A) SPEED ZERO =SLIP 1: @, = 0: =a.b 2 p2

No natural oscillation frequency (s,, S, = real numbers !)

B) SUFFICIENT HIGH SPEED: @ # 0 (e.g.: synchronous rated speed: Slip =0, o, = 1)

Slip=1-w,,
Two short time constants and two natural oscillation frequencies ! 0
S,, S,: complex numbers — simplified: Only s, complex number! (Slip=1- ’7 )
a)N p 02“
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7. Dynamics of induction machines
Two real roots s_, s, of the characteristic polynomial at o, =0

Example:
Starting the induction machine at zero speed and blocked rotor (= switching

three-phase grid voltage system to stator winding at o, = 0)

Zero speed operation (stand still): ‘a)m =0

s +S°(05S +a, —ja)m)+aS -(0-05,, —ja)m):52 +S°(05S +a,,)+0-asa,, =0

Worst case: No main flux linkage o= 1

2
o, +a, _ o, +«
Sap = -3 || -——"=L —oa.q, 2 2
’ 2 2 o, +a, o, —Q,
Y _ o=1: 5 —a,a, = 5 >0

630‘31:>0

The two roots s,, s, are in any case at @, = 0 real numbers!
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TECHNISCHE

7. Dynamics of induction machines TECHNISCHE
Two real roots s_, s, of the characteristic polynomial at ¢, =0 DARMSTADT
2
st+s-(a,+a, )+o-a,a, =0 boa it 20X s 01<<l
(05S+0(r)2 4-a
PP P B 7 O /A0 ) R S AL R
2 (as +C¥,,) 2 (055 +05r)
As o~0.1issmall: Vl1—-x=1—-x/2, x <<1
o0 - . . ooa. 1
Sa:_(as+ar)+ . rz_(as_l_ar) b o. +o 1 1
a, +, S r +
-, O-0
1 1 1 /
n=- ~ = ' 1 Xg X,
s, 1/t +1/7,, s, 1 Tz:——zz-s+z-r:r_+7
O—.xS O—.x; Sb S r

long time constant

short time constant
(change of main flux)

(change of stray flux)
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7. Dynamics of induction machines
Two complex roots s_, s, of the characteristic polynomial at o, # 0

At bigger speed:‘\a)m\ > 0,0 R 0-2‘ e.g.: synchronous speed @, = 1

S2+S-(as+a,,—ja)m)+as-(O'-a,,—ja)m):O

o, +a,—jo, li\/1_4058-(cyozr—ja)m) z_as+ar—ja)m. It (1_j4aS]

S g =—
2a,b i
’ 2 (as Ta, _Ja)m)2 \ 2 WOy
If 6~ 0.1 @, a,~ 0.2 are smallerthan o, V1-x ~1—-x/2, x <<1
o, +a,.— jo 2a
TR e e e I B E e
Sa, ) -
m
. Ots-(as+0£,,) ) _ . .(as—*_ar) asz_
S,=—a,+j| o, + r—a,+ jo, |5 = "% ~J p A
Wy, m
T R L =T,5,T7 & L =7 Two short time constants Od,| © Om>Bg o ™ 0
! ; re> 2 o, *7| (only stray flux changes) Two natural frequencies
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7. Dynamics of induction machines ey e E
Simplified electric time constants forr,=r" ., =r,x,=x", =x DARMSTADT

A) At zero speed and low speed: No natural oscillation frequency (= “real numbers” !)

_ 1 1 o-X
Short time constant: 71 © — = T~ =745/2
7 7, 2r 2r
_I_
o-X, O-X. O-X
!
. X, X X
Long time constant: 7, ¥~~~ +-L=2.= 1,22 =21
v, T, r r
1 | 1 | | >
| I | I | o
0 7 7,=5...10 r=x/r=50...100 ,~ 100 ... 200
B) High speed operation:
Two short time constants: 7=z, 7,=17,, T RTyRT,

Natural oscillation frequencies: @, ~®, @®;, =0

0 7=7,=5=5..10

v
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7. Dynamics of induction machines SIS e E
Two IM electric time constants 7,, 7, depend on speed o, DARMSTADT
T 4 D
T8O aS:OIS _______________________
o, =0.2
1) e T S e
| o=0. 0667
140 -\ T
- lim 7y =7,,=l/a,=0c-x,./r. =0.0667 - 3/004 5.0
120 4%} CU 200
lim 7y =7, =l/a,=0-x,/r, =0.0667 - 3/003 6.67
100 A 00 e
80 4 S OS e —
wl A\ e lim 7, =7,, =6.67
5 @, —>0
R e lim 7;,=7,,=5.0
| 6.73 4.96 @,,—>0
20 \/ '''''''''''''''''''''''''''''''''''
0 .'/ . i >
0.0 0.5 1.0 1.5 sy E
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7. Dynamics of induction machines
Imaginary parts wy,, @4, of roots of electric transfer function

@Wq) 4 Wa2 |
| | a, =0.15 |
20— S a,=02
| | o =0.0667
1.5 4

1.0 +

0.5 +

D.D - i T I ——
0.0 0.5 1.0 1.5 .,
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e
7. Dynamics of induction machines
Dynamic performance of induction machine
at constant speed @, = const.

<75 TECHNISCHE
7 UNIVERSITAT
DARMSTADT

- Induction machines react with current to sudden change in voltage with TWO time
constants z,,7,, because we have TWO coupled electric circuits (stator and rotor circuit).

- The time constants t,, 7, depend on speed w, !

- The phase windings U, V, W are coupled via the main flux and act
as ONE winding system = ONE time constant per winding system!

- At not too low speed t,, 7, are nearly equal,
being the short stator and rotor short-circuit time constants r__,z, .
= During rotation the induction machine’s main flux @, remains also at sudden changes
nearly constant; only the stray flux @_changes.

- At low speed & stand still z, is short and z, is long as the sum of stator and rotor
open-circuit time constant z, = 7 + t,

Compare: DC machines:
- Only one short electric time constant due to one armature circuit: T,= L,/ R,

- Time constant T, independent of speed n!

27711\ 3o
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7. Dynamics of induction machines
Dynamic Time-constants for change of main and stray flux

- Long stator and rotor open-circuit time constant: Change of main flux

- Short stator and rotor short-circuit time constant:
Change of stator and rotor stray flux

SO
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7. Dynamics of induction machines
Example: Switching stator winding to grid at o, = const.

Grid voltage:  uy; (7) =u-cos(7), uy (v) =u-cos(z =27 /3), uy (v) =u-cos(zr —4x/3)
u

S—J

Space vector: u(7) = 2+luy (7) + @ -ty () + @ -ty () |=u-e’" — i =

U rr’+(S_ja)m)'x1”

s—j o xgxy(s—s,)(s—s,)

Solution for stator ; =
current vector: =

< A B C
Laplace transform current space vector: | =—+——+——

bl .
S—j S—Ss, S—8,

Inverse transform current space vector: i (7)=A-¢/" +B- e>a’ +C-e™"

Laplace transform: u =

s
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7. Dynamics of induction machines
Two complex roots s, s, of characteristic polynomial at |», | > 0.2

. | I | . |
Sq :Re{ga}_i_]'lm{ga}:_—+]'wd,a :__+]'a)d,1 ROt ] Wy =—"7 ] W,
Ta 4 lro
, | | , 1
Sp = Re{Qb}+J'Im{§b}= ——tj =t oy o+ j 0= —
Th (%) lso
~ ~(
- L _ - L _ Two short time constants Dd, 1 = Om> P2
nr= “lor T2 F ~ Tso | (only stray flux changes) :
o, o Two natural frequencies
_v _v
E.ega-r _ EoeRe{ga}-r .ej-Im{ga}-r _ Q-e 7, .ej-a)d’a-r _ E'e 7 ,ej‘a’d,l‘T
T T
Q ng :Q eRe{gb}T.e]Im{gb}T :Q'e Tb .ej’a)d’b‘f :g.e 'Z'2 .ej’a)d’z‘f
4 __r
. . . ST T
E.egarzﬁ,e Tra,e]a)mz- Q.e—b zg.e SO
ﬁé
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7. Dynamics of induction machines i TECHNISCHE
Inverse Laplace transformation

DARMSTADT

Inverse transform current space vector: i (7)=A4-¢/* +B-e*" +C-e™"

a) Homogeneous part of solution: is,h(f) =B ela’t 4 C- vt
b) Particular solution: i, ,(7) =4 elT
Stator and rotor current change with two time constants \
b 1
ta =7 Re(s,) =T, Tp =— Re(s,) =12 >is,h(7):§'e_r/rl 0T

having two natural oscillation frequencies

—2'/72 .eja)d’zz'
Q)d,a = Im(ga) = a)d,lﬂ a)d,b = Im(gb) = C()d,z

+(C-e

J
7, Ty, My 1, ®; o depend on resistances r,, 7., inductances x,, x,., X},

AND on rotor speed o,

L7/ ] 1\t
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7. Dynamics of induction machines
Homogeneous solution = transient part

. — W7 1T —7/ D7 »T
i) () =B-e7 T/ LTI

Caused by rotor DC flux stator DC flux
R 1) Rl P (T) B e —T/ T, e] Ty C e—r/r
—S =

Wy ROy, 0y 2 ~0 /_' /

Transient AC part transient DC part

Particular solution = steady-state part

l.S p(T) =4- ej.T

Rotating stator current space vector with constant amplitude according
to impressed voltage space vector u (7)=u-e’’

A 4+
oammy*
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7. Dynamics of induction machines
Determination of constants A, B, C by Heaviside’s rule

u rr'+(s—ja)m)-x,',
S—J] O-Xg 'X,’, °(S_§a)°(s_§b)
e /f condition: Order of numerator polynomial Z(s) less than of denominator polynomial N(s) =
ey 11 Z _ Z Z(s; g
— Heaviside's rule: |L 1{ (S)}zL 1{ () }: 3 (8:) s
N(s) (s=5)-(s=85) - (s=5,) ) T Tl(si—s0)

k=1..n AN k#i

u-(r+(j = Jjo,) x.)
o-xg- % (=5,)-(=s5)

u-(r, +(s, — jo,) x,.)
o xg X (s, =) (s, —5,)

u-(r. + (s, — jo,)-x,)
T Xg X, '(§b —j)'(ﬁb —Ea)

[=3:5;=5,:C=
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7. Dynamics of induction machines
Determination of non-damped solution: r,=r" . =0

/ . /

o | = u r,,+(s—]a)m)-x,,

—os—j 2 roX,. + X1, r.-(r.—jw, -x..)

O Xy X.:| 8" +5-| 2T~ jw, [+ -t
o XX, XX,
I”S:I/'r: l
- u s—jo, u 1 u s—jo,
l = a Y — . =

* S—] G.XS.(SZ_S-ja)m) s—] a-xs-s_s—j o X, (s—5,)(s—5p)

o, +a, —jo 4a, - (oa, — jo W Sy = J Oy
o g — S v .] m li 1_ S ( v .] m) :.] m(li\/I):
e 2 o) | 2 5, =0
(as-l_ar_]wm) 2h
é
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7. Dynamics of induction machines TECHNISCHE
Non-damped transient solution is independent of speed o, DARMSTADT
e Simplification: Damping is neglected: r, =0, r,,' = 0: Determination of roots Sy Sp:
S2+S-(—ja)m)=0 - s,=jw,,s,=0 A=-C=—jul(ox,),B=0
o u (=) % _u A C_ ju (1 1
< os—j O'-xs-x;,-(s/—iwﬁ-(S—O) O"xS'S(S—j) s—j s o-x, \s—j §
: A Im
. u ;.
Inverse transformation: i (7) = J J}—e; T) locus of stator space vector
. xs _ .
/ T=n ls(T)
transient  stationary
solution 0
OXg
ug(T=0) Re
e Time function of U phase current: R > >
iU(r):Re{g'S(z')}zRe{ Ju -(l—ej'f)}: - -Re{j—j-(cosz'Jrjsinz')}: " sinr
Xy o X, o Xy
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7. Dynamics of induction machines
Non-damped stator current: Initial condition: u (0) =u

Im 4 .
A Im u (r)=u-e’ l(T)— (1_eﬂ) Im
o X, :
u (7 locus of ig(T)
T=T :
ig(7)

> _Ju it

a, Re u T3 x. e

0Xg
uy (r) = Re{ (r)} U-COST 7=0

uy(7)
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7. Dynamics of induction machines

B Im | 1) Initial condition ,,best case®: u (0) = tu
, 2) Initial condition ,,worst case“: u (0) =0

1)
=u-¢’"| Initial condition ,,best case“: u (0) = u

u (r)=—j-u-e’*| Initial condition ,worst case“: u (0) =0

g'lmw‘
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7. Dynamics of induction machines
Non-damped stator current: Initial condition: # (0) =0

TECHNISCHE
UNIVERSITAT
DARMSTADT

_ JjT
fImy u (t)=—j-u-e

u(7)

u -(l—ej'r) _ u-(1-cosr)

iU (T) = Re
. A G X G X
uy (7) =Re{gs(r)}=u-smr : 2 s
A lU( T)
uy(7) /
I | | > | | | >
| | | v | | »
0 7\/ 2 ¢ 0 x 2 ¢
:é'
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7. Dynamics of induction machines

TECHNISCHE
Dynamic turn-on current - depends on switching-on instant

UNIVERSITAT
DARMSTADT
A iy A
u
2 0Xs
u
A O'XS 0 o> I47T - T:Q)Nt
non-damped DC
component
I J I T > T =0\t
0 27T 4T N _
uy(t)=u-cos(r—n/2)=u-sint uy (r) =u-cos(r) >
> _uy(z=0)=0 g (0) =

Switching on at zero voltage
Current: DC component AND AC component
Peak current 200%

Peak occurs at half period after switching on

iy peat = 2u; /(0 x,) = 2-1/(0.0667 -3) = 10

Switching on at maximum voltage
Current: no DC component

Peak current 100%

Peak occurs at quarter period after switching on

s peak =Us /(0 -x3)=1/(0.0667-3) =5

worst case

best case
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7. Dynamics of induction machines
Complete stationary solution (1)

Steady state solution ( = particular solution of differential equation):

: _ 4. )T _ u(rr’_l'(]_]a)m)xl”)
Lp ()= dre A= =5 ) (=s,)

|- w,, = Slip

' . . ' ) . . .
O-'xsxr°(]_§a)°(]_§b)zo-'xsxr'(] +]'(as+ar_]wm)+as°(a'ar_]wm)):
* ! o . [} . 2 . .
:(rs+]'xs)'(rr+(]_]wm)'xr)_]'xh '(]_]a)m):
:(rS+j-xs)-(r,,’+j-Slzp-x,’,)+x%-Slipz

=rr —x,-Slip-x, + x;% -Slip+ j- (Slip TX, + xsr,f) =

o Slip-ox.x 1Sl 5 .

u-(r.+j-Slip-x,) e
vl —Slip-o-x.x. + j-(Slip-r,x. + x,r!)

iy ,(7)=
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7. Dynamics of induction machines TECHNISCHE

1 1 H H = UNIVERSITAT
Stationary solution equivalent circuit DARMSTADT
e Solution of the two linear equations of Is  Rq Xs, Xy, Ry /s [Sip

T-equivalent circuit:
e Two unknowns [, [,

Qs - Rsls +szlS +th[—’r

0 :&Lr +]X;L'I’ +thls
S

JX

e Rotor and stator current: 1_’r =—1, —;

(s = Slip) "+ X,
S

LU R.+j-sX,
s == RSR’r—S'O-'XSX}”+j(S.RSX;+XSR;)

e Compare:

r.+ j-Slip-x,
rrl —Slip-o-x,x. + j-(Slip-r.x. + x,r!)

*

)

=
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7. Dynamics of induction machines B, TECHNISCHE
. . (@“/ UNIVERSITAT
Complete stationary solution (2) "5 DARMSTADT
(r' + j-Slip - x! . .
u (rl” ] lp 'xl’) .e]T, ES(Z_):u.ejl'

) = ) = G x4 /- (Slip - rox  xr)

e Stationary solution gives for stator current space vector the well-known OSSANNA “circle diagram”
as locus of all solutions i , for varying speed (= varying Slip s)

Machine cross-
Complex Gauss’ian plane

section plane

// /”
A 4
I, / ' US iV 2
’I ’/ uS — u — —
) X Py USN
‘\\ \\ . IS b V] 2
\ l = ~
S
[sN
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7. Dynamics of induction machines

Example: Complete transient solution with damping

S2+S°

575 TECHNISCHE
UNIVERSITAT
DARMSTADT

(as T, _ja)m)-l'as '(G°ar_ja)m):0
T, =lla,=0-x,/r,=0.0667-3/0.03 =6.67,
T, =l/a,.=0-x./r.=0.0667-3/0.04=5.0

@, =1: Roots for transient solution

1

. 1 . 1. 1 .
S, :—T—+]'0)d’1 :—4—96+]'O.971, Sp =—T—+]-a)d,2 :—ﬁ+]00288
1 N 2 .
—-0.202

Solution for "inrush" current of induction machine, being switched to grid, when already running
(i) at synchronous speed:

i, =0.33 (ii) at rated speed: i, =1.0

w,, =0.96, Slip=0.04

s, =—0202+ j0.971,s,

=-0.149+ ;0.029

s, =-0.202+;093,s, =-0.149+ ;0.03

steady state current = rated current = 1
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7. Dynamics of induction machines
Stator current space vector solution with damping, Slip =0

Im

e Solution for "inrush" current space vector i
of induction machine
e Switched to sinusoidal grid, when running
at synchronous speed o,, = 1
e Worst-case for phase U, where switching occurs
at zero voltage,
yielding maximum current peak

u,(r)=—j-e’*

Source:
H. Kleinrath, Springer-Verl

o =0.0667, x, =3, x, =3,r, =0.03, 7. =0.04

Steady state solution = no-load current i, =i, = 0.33 p.u.
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7. Dynamics of induction machines TR NIIG
Stator ,,inrush® current i (7) at o, =1, (Slip = 0) DARMSTADT

Induction machine switched to sinusoidal grid, when running at synchronous speed o, =1
o =0.0667, x, =3, x\. =3, r, =0.03, . =0.04 u (7)) =1

Best-case for phase U: Worst-case for phase U:

Switching occurs at maximum voltage 6 ﬁ\ Switching occurs at zero voltage
5 5
[

: A : / \ 6.3-times rated peak current at 7t
i R l \ 4-times rated|peak current at 7/2 :_ , [ \ ~
<A RRVAN

N SN N,
: 0o |\ [ \v/-( \'/;A\'/:—\T\)’ : 0 1 2 3 /v\ll-/ s

/

7/ 2m / 3 7/2n

Steady state solution = no-load current i, =i, = 0.33 p.u.

st
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7. Dynamics of induction machines

Stator current space vector solution with damping,
at rated Slip = 0.04

A Im

TECHNISCHE
UNIVERSITAT
DARMSTADT

e Solution for "inrush" current space vector i
' of induction machine
i (1)=A4-¢/"+B-e’" +C-e" e Switched to sinusoidal grid, when running
at rated speed o, =0.96
e Worst-case for phase U, where switching occurs
at zero voltage,

W \‘i\‘ yielding maximum current peak
| |

ES(T:O)

u (r)=—j-e”

Source:
H. Kleinrath, Springer-Verlag

o =0.0667, x, =3, x,. =3,r, =0.03, r. =0.04

—4

Steady state solution = rated current, i, =i, = 1.0 p.u.
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7. Dynamics of induction machines
Stator ,,inrush® current i,(7) at o, = 0.96, rated Slip = 0.04

Induction machine switched to sinusoidal grid, when running at rated speed o, = 0.96
o =0.0667, x, =3, x,. =3,r, =0.03, 7. =0.04

i [ p-u.
WON S O = N W R U oY N

Best-case for phase U:
Switching occurs at maximum voltage
\ 4-times rated peak current at /2

/

N,
/

~
2 \/

N/
3\ _/ ¢

t/2n

iy / p-u.

- N W B~ wu

1
—_—

1 1
w N

[« BN |

uy(7) =1
Worst-case for phase U:
ﬁ\ Switching occurs at zero voltage
] 6.3-times rated peak current at
/ ~

\

Vo

/
7\

/ \

/ \

/N

2 \/

Y

Steady state solution = rated current i, = i = 1.0 p.u.

t/2n
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7. Dynamics of induction machines
Transient response of induction machine
at elevated speed at |0, | > 0.2

TECHNISCHE
UNIVERSITAT
DARMSTADT

e Voltage switching such as

a) switching on motor ( = in-rush current),

b) sudden short-circuit,

leads to a DC current component, which is largest,

when switching occurs at zero voltage in the considered phase.

e DC current component limited by rotor and stator stray inductances and resistances

e DC current component vanishes with two short time constants z,~z_, 7,~7,_,
determined by the rotor and stator stray inductances and resistances

L7711\ 10
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7. Dynamics of induction machines

Sudden short-circuit of a 4-pole no-load induction motor

TECHNISCHE
UNIVERSITAT
DARMSTADT

, o Me 4 n
* Maximum short circuit current, Nm | mijp—! Numerical solution for speed and torque
when short circuit occurs at voltage zero crossing 2000 .
1500/min ~1450/min
e Stator current space vector at (nearly) constant speed n neyn =1500,/min
o, = 1 contains transient DC and AC component: 1000 1
/ \ | No-load Zero current
—-T/T . .
. . e 57 1 _ ; iyo=0.33 i,=0
i =iy | —+|1-——|-e T/Tro.efa’mT 0 30 — N I Y Ve s
o o _
is (T — O) = iso =Ug /XS =0.33 No-load current ~1000
' T~20ms=50Hz
e Maximum short circuit phase current amplitude: ~2000 —
U 2 1 Mmaxzz,l?kNm:S,?MN
iy =—" (— — lj = 6.87 (at 7= 7, undamped) 3000 | | | N
’ X, \ O 0 0,05 0,1 0,15 02 ¢t
s
e Dynamic short circuit torque: L 110 kW, 380 V, 212 A, 720 Nm,
. 2 —r-[ + j 4 pole motor, 50 Hz, o= 0.097
. . ~ h .2 TI"O' TSO' .
me(z')z—lm{xh -l_,,-gs}:——-lso-e -sin(@,,7)

X,
o =0.0667, x, =3, x,. =3,r, =0.03, 7. =0.04 Mo max ~ —

2
Y2 o 3 0332 ~_33

~y

l
o-x. 07 0.097
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7. Dynamics of induction machines

TECHNISCHE

UNIVERSITAT
Superconducting rotor in induction machines: r,= 0 DARMSTADT
! . !/ . !/ A
Fo__u N—(s—]a)m)-xr __u (s—Jjmw,) x, o
= s G.xs.x;.(s_ga).(s_gb) s— g.xs.x;.(s_ga).(s_gb) The rotorcurrgnt is in
- > phase opposition to the
it " (S = ) = Mh i oy =x, 0 +x.i' =0 stat t:
L, ) , Rl AR T I P stator current:
S—J O"XS'X,,'(S—ga)-(S—gb) Xy J

zr = _(xh /x;’) 'zs = _zs

« No flux can penetrate the superconducting rotor: [y’ =0=y"' (r)=0

« Stator flux linkage is nearly total leakage flux: ¥ =x, i +x, 0, =0 - X; i RXg5 L= X5 1,

e A superconducting induction machine cannot produce any torque: m,

0

—Im{'L',, 'Zr}: ~Im{i’,-0}=
e A resistive rotor r, > 0 is essentially necessary in induction machines for torque production!

e At r. > 0 the rotor current space vector is NOT shifted by 180° to the stator space current vector.
This leads to a torque-producing “normal” current space vector component !

e Result: A superconducting induction machine is useless!
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Energy Converters — CAD and System Dynamics

Summary:
Solutions of dynamic equations for constant speed

- Linear voltage & flux linkage equations at constant speed
- LAPLACE domain solution with transfer function i, = F(u,)
- Time-constants 7, 7, and natural frequencies w, ;, @, , depend on speed
- Homogeneous solution = transient part = DC current component
in inductive circuit

- Particular solution for steady-state solution i A = rotary current space vector
- Examples:

Switching of voltage on stator winding of running machine

Sudden short circuit at stator terminals

‘s
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Energy Converters — CAD and System Dynamics

7. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines
Solutions of dynamic equations for varying speed

e Solution of all 9 equations simultaneously (e.g. in a-fframe)
e Equations are non-linear, so numerical solution is necessary:
VOLTAGE: 4 equations
FLUX LINKAGE: 4 equations
TORQUE: 1 equation
9 equations in TOTAL !

e Example:

a) No-load start-up of induction motors
and afterwards

b) loading with rated torque
is investigated.
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7. Dynamics of induction machines
Data of two example machines

TECHNISCHE
UNIVERSITAT
DARMSTADT

Induction machine 1 (big Induction machine 2 (small

I

e e T e [
INCETEERVTERER T S T
T T I T N
T YT I A
TR A S T
T A I R U
ST T N T I
NETEETSTENN 0T S 1IN

955mH 290pu 662mH 246pu

TU Darmstadt, Institut fur Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 96
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder N |

"lmw’

\}



7. Dynamics of induction machines
Scaling: “Big” vs. “small” induction motor

* “Big” Machine 1 vs. “Small” Machine 2: Power, current & torque rating ratio:
- Same voltage rating: U, /U, =1

* Big machines have small resistances and inductances,
compared to small machines of the same voltage rating:

R/ /R, ~1/400  L;/L, ~1/70

a) Big machines = big currents = big conductor cross sections = small resistances
b) Big machines = big flux area per pole = small number of turns = small inductances
at the same voltage rating

* Big machines have ,very” big inertia, compared to small machines:

JI/JZzSOO TJI/TJZWIO

s
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7. Dynamics of induction machines
Scaling of motor data “small / big” machines

e Rotor inertia: J ~d5 -1 ~1°

e Motor power: P~d> -1 ~1*,

Si

e Scaling ratio: J,/J, =(B/P)"*

e Example:
Big versus small machine: Scaled ratio: J,/J, = (110/1.1)°’* =316.
Real ratio: J, /.J, = 2.8/0.00349 = 802.

e The 100 times stronger (bigger) Machine 1 needs
due to its about a factor 1000 bigger inertia
about 10 times longer to start up.
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7. Dynamics of induction machines TECHNISCHE
Calculated electromagnetic torque of “big” induction machine DARMSTADT

No-load starting at 50 Hz grid voltage; motor loaded at 1.8 s with rated torque

m } |
Nm J:JN

1500

Low frequent torque pulsation

1000
| M, = 720 Nm

200

—300

~1000 - 50 Hz torque pulsation

—1500 I T | | —>
0 0,5 1,0 1,5 2,0 2,5 t
s

TU Darmstadt, Institut fur Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 99
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder




7. Dynamics of induction machines

TECHNISCHE
UNIVERSITAT
Calculated rotational speed of induction machine DARMSTADT
n A o
S No-load starting with 0.5J, Jy, 2Jy
2000
Ty
0,5-JN IN 2-JN . . .
1500 Varying inertia
Line frequent . Starting time at Jj
1000 { Speed ripple g longeras T,,
S because M(t) = M
(@)
I
£
500 - &
Decdy time of speed ripple increases
ith decreasing speed, because time
constant T, increases
0 : : - : : —»>
0 0,5 1,0 1,5 2,0 2,5 3,0 .
s
TU Darmstadt, Institut fur Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 100
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder

,%
L7711\ 10

<]



7. Dynamics of induction machines

me
N

m

Calculated electromagnetic torque of induction machine

TECHNISCHE
UNIVERSITAT
DARMSTADT

1500

No-load starting at 50 Hz grid voltage with ten times increased inertia
Speed 7 up to 2.5s below ca. 10% rated speed: 7, =L /R, + L./ R. =0.388 s +0.478 s = 0.866 s

Ca. three fime-constants 3T, for
DC current component to decay:
1000 J=10 - JN
| _23s
500 | I/
I e |
500 Line-frequent torque
Ihaaal pulsation
—1000 -
0 0|,5 1,|0 1,|5 |

Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder
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7. Dynamics of induction machines

Influence of mechanical speed n on time constant
for decay of oscillating starting torque

TECHNISCHE
UNIVERSITAT
DARMSTADT

Time of decay of 50 Hz 0 5s 2 3 S
oscnlatlng torque
e Case b): Big inertia 10Jy ( slow acceleration) = Decay of transient DC current component occurs

at still low speed n = 0, so “zero speed” formula for time constant 7',(n = 0) applies.
Ty=L /R, +L /R =03885+0478s=0.866s

- Xg X, - X
T
o After 37,(n = 0) both DC current & torque oscillation have vanished!
37, =3-0.866s=2.5s

r,

X, O
2-2‘|a)m|>0.2 RO R,
e Case a): Small inertia J (= fast acceleration) = Decay of transient DC current component occurs

r, 2
at already elevated speed |@,,| > 0.2, so time constant 7,(n > 0) < T,(n = 0) is shorter!

e 7,(n>0) tends TOWARDS “Short circuit time constant I": T,(n > 0) > T,, =~ o T,(n = 0)/2

oc=01=37n>0)—0.05-37,(n=0)=0.05-25=0.13s= 0.13s<0.58s<2.3s

—
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7. Dynamics of induction machines TECHNISCHE
Line-frequent starting torque oscillation DARMSTADT
e Transient solution: At speed n = 0: ,B’ Im is AC(T) — is,AC -el’

DC current space vector i ;. does not rotate

o Stationary solution: AC current space vector rotates with
line frequency o, = 1 and its flux induces the rotor cage

» Rotating AC rotor current space vector i’ . AC -elt

« Simplified: Undamped' i pc = const.: o Re

—S(T) _—s ,AC e +£s ,DC

— I AN . JjT o, . —JjT
m, = Im{xhls L, }_ Im{)ch .(ls,AC = +£S,DC) 'l_r,ACe }
*

—Im{x el _jr}—lm{x it }— nst
My = hls,ac '€ "Ly ac€ = hls,.ac "Ly 4c = CODSL

. ¥ J*
me,zzlm{xhg&Dc-z_r,AC-e } Im{xthDC [Te -(cost — ]smr)} Mgy - cos(7 — Ap)

e Result:
Constant starting torque m, 4, but torque m, , pulsates with line frequency o, = 1
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7. Dynamics of induction machines SIS e E
Phenomena of “dynamic” starting performance (1)

DARMSTADT

a) Oscillating starting torque:

Switching on of stator voltage:

DC current component i, occurs in stator and rotor winding.

(i)

The 50 Hz AC stator current i , reacts with the DC flux of rotor DC current i, .,
yielding a first pulsating 50 Hz-torque component

(i)

The 50 Hz AC rotor current i, reacts with the DC flux of stator DC current Is pCs
yielding a second pulsating 50 Hz-torque component

(i) + (ii) constitute the oscillating starting torque!
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7. Dynamics of induction machines
Calculated dynamic torque-speed characteristic
of induction machine

TECHNISCHE
UNIVERSITAT
DARMSTADT

Me ? No-load starting at 50 Hz grid voltage; motor loaded at 1.8 s with rated torque.

Nm 0 T Dashed line: Static torque-speed characteristic from equivalent circuit diagram

1500 - _ Mp stat =1360Nm J=Jy
B MT“‘T‘ stationary curve —/ |

1000 I My, gyn =980Nm
\

(K
\ Dynamic break-down

torque M, 4, lower than
stationary break-down

— (e dynamic curve

O Mg — — — — — — — — — — — — ] torque My, sat
500
1000 -
SN
| I I | I >
1,0 0,8 0,6 0,4 0,2 0 —02 s Sip
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7. Dynamics of induction machines TANISEE
Phenomena of “dynamic” starting performance (2) DARMSTADT

b) Dynamic break-down torque:

Main flux is changing with

big electric time constant 7, (atn =0: L/R,+ L/R.=0.866 s)
Full flux at ca. 37, =2.5s.

Therefore at reaching at 1.2 s break-down slip s,

still full flux is missing, |
reducing the dynamic break-down torque M,, 4, < My gtat || AP

Example:
Reduction by 25% with respect to static break-down torque!

c) Eigen-frequency of induction machine at synchronous and rated speed
("synchronous machine effect in asynchronous machines"):
Low oscillation frequency f, , at each load step.

Explanation:

Rotor (main) flux changes with big rotor time constant 7. = x /r,,

may be regarded as "frozen" for a “short” time 7 << 7. =

It acts like the constant rotor flux in synchronous machines = rotor oscillation possible
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7. Dynamics of induction machines

$5 TECHNISCHE
i - s . (&)= UNIVERSITAT
Calculated rotational speed of induction machine {7 DARMSTADT
- * No-load starting at grid voltage with 0.9Jy, Jy, 2Jy
min
2000
Ty Varying inertia
0,5 ‘ JN JN 2 .JN
1500 {
1 1
Line E d,m \/7
10991 frequency Natural E
motor S
frequency Llil’
c
5001 decreases >
by o
écay time increasing
increases with inertia
0 | decrea§|ng speeq | | .
0 0,5 1,0 1,5 2,0 2,5 30,
s
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7. Dynamics of induction machines
Natural oscillation of induction machine

e Speed oscillation A0 (f) is superimposed e.g. at synchronous speed:

2, (1) = 2, + A2,,(1)

 Magnetic braking force of "frozen" rotor flux on stator current: M,(43)=—|cg|-A9.
(A9 : angle difference between rotor flux axis and stator space current vector)

dAS

“ar =p-440,
e Mechanical equation:
7.9 M, (3)=—|cg|- 49 = ded, _ dAG,
dt dt dt
J- d;ﬂlg + p-‘cg‘ A8=0 = A1) ~sin(wy ,, 1), COS(Dy ,, + 1)

@, 1 ‘lc
e Natural frequency of oscillation:| 7, = dm _ 1 |P ‘ 19‘

’ 2 2 J

& %
L7711\ 10
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7. Dynamics of induction machines TR NIIG
Calculated rotational speed of induction machine DARMSTADT
n A : : L
——7 No-load starting with rated inertia Jy
IT1111 a) without additional rotor resistance, b) with R, = 10-times rotor resistance
TJ Ry=10-R Ry=0 ;
1500 — v r e NI Varylng total rotor
b) resistance R. + R,
1000 x, s x T
Line Natural b= Z =7, = —Fr o TR
frequency motor
frequency Reduced rotor time constant allows
500 a) influenced fast change of rotor flux =
by rotor = no “frozen” rotor flux phenomenon
cay time decreases resistance .
with increasing T>>71,
resistance
0 | | .

L7711\ 10

I
0 0,5 1,0 1,5 2,0 ¢t
: i&
il
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7. Dynamics of induction machines L) TECHNisCHE
Dynamic starting of slip ring induction machine i

DARMSTADT

e Additional rotor resistance:
Break-down torque is shifted

from slip s, = 0.08 to 0.88: n 4 _
min 1 Inertia J = Jj
R, _ R, + 10Rr N
g - -
b Sh o L1 Ry=10-R,  Ry=0
. i —
—> s =11-5,=11-0.08=0.88
e Motor now starts nearly 1000 -
with break-down torque,
hence with reduced start-up time
M A Ry>0
M v 500 -
My }om—c— -
g Ry=0
1 |
_/ \ 0 I I I
O 1 1 . | > n 0 0.5 ].,O 1,5
o J17 Dsyn
- il
1 0
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7. Dynamics of induction machines
Calculated electromagnetic torque of “small” induction machine “@

me #

Nm  No-load starting at 50 Hz grid voltage; motor loaded at 0.35 s with rated torque

25
50. Very quick start-up, so no clear distinction
” between line frequency oscillation and natural oscillation
151
T,=67ms
101
[z
O+ ©
(aV]
Tﬁ
\
A N N N P
5 0.35 s: Loading with M,
~— — _
No-load start-up
-10 . : : : .
0 0,1 0,2 0,3 0,4 0,5 0,6

—»
t
S
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7. Dynamics of induction machines
Starting performance of “small” induction motor

No-load starting, loaded at 0.35 s with rated torque,
Now | Dashed line: Static torque-speed characteristic from equivalent circuit diagram

 Smaller Machine 2 accelerates much
faster than Machine 1.

stationary curve

* One cannot separate clearly
the different stages
of 50 Hz oscillating torque and
of breakdown torque,
so dynamic breakdown torque is not
directly visible.

—10 | | | | | »
1,0 0,8 0,6 0,4 0,2 0 —02 s glip
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7. Dynamics of induction machines
Ratio of dynamic vs. static breakdown torque
in dependence of parameter P (Pfaff & Jordan)

TECHNISCHE
UNIVERSITAT
DARMSTADT

Assumptions: a) DC current component of start-up has already decayed,
\ Mb.dyn before motor speed rises from 0 to ng,!

Mp, stat b)rs=0

1.0

0,9 -

0,8 4

0,7 1

0,6

Source:
G. Pfaff, H. Jordan, ETZ-A

0,54

0,4 T P_027| T T T T T T — P
01 02 05 0,7 10 2.0 50 70 10
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7. Dynamics of induction machines
Dynamic break down torque: Pfaff-Jordan parameter P

2 2 ,
P: &x—s .Z'J.]/}:.Sb: 279(:5',145‘ .JRVSbde

S S

Example:

Data of induction machine 1: Break down slip s, = 8%.
Line start at 50 Hz, rated voltage: Us = 231 V

2 , 2
P:(z%-L—Sj .J.Rr'Sb'z@{N:[ 2750 0.00971] g 0:02:008:2750 _ o

U, L, 3p2 380/+/3 0.00917 3.92

Curve with P: M, 4, / M}, 40y =0.71

Compare: Numerical solution yields 0.74 | = sufficient coincidence !
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7. Dynamics of induction machines
Explanation of Pfaff-Jordan parameter P

Bigger parameter P = less dynamic starting

P~ T Bigger inertia = slower motor acceleration = less dynamic starting

2 2
Xs Xeo Bigger stator leakage flux = lower motor torque =
P~ == =1+ | t leration = less dynamic starti
X, X, ess motor acceleration = less dynamic starting
2
P~ Wy _ L Bigger stator flux linkage y, = bigger motor torque = faster
U WZ motor acceleration = more dynamic starting
S S

s
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Energy Converters — CAD and System Dynamics

Summary:
Solutions of dynamic equations for induction machines with varying speed

- Non-linear mechanical equation: Numerical solution necessary
- Three dynamic phenomena:
- Reduced breakdown torque M, 4, < M, gz,
- Line-frequent starting torque oscillation
- Low-frequent natural oscillation like in synchronous machines
- Numerical example for big and small motor
- Influence of inertia J

- PFAFF-JORDAN parameter P for estimation of dynamic breakdown torque
from static torque curve

7771\t ad
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Energy Converters — CAD and System Dynamics

7. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines
Decomposition of transfer function of electrical system
into a-f-components (n = const.)

rt+(s—jo,)- x,
o x; % (s=5,) (s —55)
a+jb a+jb (c+jd) a+jb c—jd ac+bd+ j(bc—ad)
c+jd_c+jd.(c+jd)*_c+jd.c—jd_ ¢ +d?

= G(s) = Re{G(s)} + j - Im{G(s)}

Lg/Ug =

Z:

At (s—jo,)x,  (s—s,) (s=s,) .
G(s) = - =G G
o) G'XS'xl’"(S_ga)'(S_gb) (S_Ea)*'(s_ﬁb)* @ "IV

G(5), G(s) ~ :

(s—54)(s=5,)(s=5,) (s=s,)

s—s,=s—Re(s,)—jIm(s,) Roots: |S,,8,,5p,,5

*

(s—s,) =s—s, =s—Re(s,)+ jIm(s,)
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7. Dynamics of induction machines
Transfer function of electrical system at n = const.

Complex space vector .... Complex transfer function of space vectors G(S)
Two-axis components .... Real transfer function of components G (s), GAs),

Two roots of complex transfer function s,, s, =
= two pairs of conjugate complex roots of real transfer function s, s, & s,, s

| |
Sy =——+jos, Sp=——1]W4p
Tal lfb
: | | |
S1 =71t J@4as S4 =77 JW4q Sy ==t JWOqp> S5 =77 JWqp
Ty Ty b Th

- NOTE: With variable speed dynamic equations are non-linear,

so no linear transfer function exists.
- BUT: Small signal linearized equations allow transfer function formulation.

£77711152d

TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 119 R
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder *~Iim



7. Dynamics of induction machines

Roots of linearized electromechanical transfer function in s-plan

TECHNISCHE
UNIVERSITAT
DARMSTADT

Transfer function of linearized performance (small signal theory)
of induction machine for electromechanical performance (variable speed):

@ —plane

: : Im
S| =01+ j@y, $4=—01— ]y A
$3 =03 @x\ 108
. . ~ T
Sy =—0y+ jw S5 ==0,=j0, N T
@ @>€ ;\ :\ T 0,2
4 /: —— :
-02  O01%he——Z~"1 02
&
Pagd T
@ L

» Re

The five roots of induction machine electro-mechanical transfer function comprise two
pairs of conjugate complex poles and one real pole (= mechanical influence!)

Compare: DC machines: Two poles for electromechanical performance.

g
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7. Dynamics of induction machines
Use of different co-ordinate systems

Stator reference frame Rotor reference frame Svynchronous reference frame

Does not rotate Rotates with w,, = dy /dt Rotates with @, =do/drt
Use in induction machines Use in synchronous machines jJ| Use in induction machines for
small signal theo

Uy (D) =g () + jug(@) || @ =ug@ +jug@) || wm @) = @)+ juy ()
2

_ —Jj-y(7) _ —j-6(7)
Uiy =75 (uy +auy aluy) || U () =gy (@)’ U (o) (7) = (g (7)€
4 Ims Three phase sinus voltage system § Imk
0) _ stn _ Qs/p _
a)S=QS u L(K) 60 Y wylp wy/p
a)N —_ T \
0 = Reg 0 =~ Reg
e.g.: K
= syn
Wy = Wgy = 1 y
Stator reference frame Synchronous reference frame
Space vector rotates Space vector does not move at line operation

‘s
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7. Dynamics of induction machines
Voltage equations in synchronous reference frame

d
A SR A
—=s(syn) — S =s(syn) dr J dr ZS(Syn)
dy'
' T S Y —r(syn) . d(5_7) '
u—r(syn) =0= Vr 'l—r(syn) + dr tJ .T.Kr(syn)
do d(o— 0 0 Q. /
— a)S (T) (—}/) — a)S (T) — a)m (T) O)S — S : a)Syn — Syn — S p — O)S
dt dr Wy oy/p oy/p
Eliminating i, i, via the flux linkages:
. X 4 ! ! of X
KS:O-.xs.zs_F_fl.Kr K}/:o‘.xr.l_r+_h.gs
xl” xS‘
( 7, , j dﬂs r, 1-o
Ug = T Y T - L
O X - dr x, o — Subscript (syn)
Yol o dy' skipped!
0=——"-. Yo+ —+ j(w; - w,,) .Zr+ —=
X, O o X, dr

& %
L7711\ 10

TU Darmstadt, Institut fir Elektrische Energiewandlung | Energy Converters — CAD & System Dynamics, 7./ 122
Prof. Dr.-Ing. habil. Dr. h.c. Andreas Binder q



7. Dynamics of induction machines
Torque equation with flux linkages

e Eliminating i, i", via the flux linkages:

KS :G.XS!.S_FXOK]» Kr :G'xr'ir+Z°KS
2 '
% / * 1— %
m, = —Im{t;',, 'l//,r }: X (xsxr) ) Im@S . W’r }: O . Im@S ,Wrr}
— O"Xh — O"Xh —
Ea——
m,=———-Imy -y
(T'Xh 5 —r

'%
s
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7. Dynamics of induction machines
Small signal theory in equilibrium points

 In synchronous reference frame: Current & voltage space vectors in equilibrium points
are constant ( = steady state operation due to equivalent circuit)

» Electromechanical system of equations in synchronous reference frame (a, b):

dy 1— )
v v, o, :
u, = s + jo, ,%S_,_ Is s . .Kr Unknowns:
o X, dr x, o© R
r. 1-o 7, . dy
0=—_~ Ws_l_( L +](0)S—a)m)j y o+ r >
X, O o X, dr out
nput:
do, l1-o {% ,*}
T - = Im . —m.\7T %S’ws’ms
T dr o - X, s Vo (7

e Linearization a) of 3 unknowns: s & r flux linkage, speed (machine performance)

b) of 3 inputs: stator voltage, stator frequency, load torque

A +
oammy*
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7. Dynamics of induction machines
Linearization of system equations

Linearization of unknowns:

Linearization of known input:
y (D)=y ,+4y (7)

U, (T) = U + AQS (T) |Ags /gs0| << LA,/ oy <<1,
Vv @O=y Ay (D) @4 (7) = w0 + Aw(7) "“’””’"”'<<1"“"?““’,’"°'<“’
- Ags/gso‘<< 1"Aﬂr/ﬂro‘<<l
w0, (7)=w,,+ A0, (1) mg(7) = myo + Am(7)

Linearization of stator voltage equation is with dﬂso /dt =0, Ay (0)=0:

dly ~ +A4y ) 1—
zsoﬂ‘zs{; +j(wso+Aws)]'(ﬂso“‘ﬂs)+ T

(v Ay )
xs dT .xh L 70 _r
: _— _— | or , -0
(1) equilibrium point: u _[ . +]a)S0] Yo TV
s h
dAy _
N _ v , _ _ r, 1-o
(i) deviations: Ay, = —2 Ay + joggdy +jdogy  +jAddy + — ——. -AZF
o X, dr x, ©
Laplace - v , - . 1, =0 _
t pf . A%S; - +jgo+5 | Ay +jy OACOS_ —- Al//'
ransform: o x, s /s x, o
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7. Dynamics of induction machines
Linearization of rotor voltage equation

» Rotor space vector voltage equation in equilibrium point: @,y = @,o — ®,,¢

r. 1-o r! . , dy' /dr=0
0=- L. 4 + 2 p +~]a)1"0 Y —r0
x, o —V (o-x —r0 ] Ay’ (0)=0

e Linearized rotor space vector voltage equation of small deviations from equilibrium:

rl-o 7, dAy”

O0=—-" Ay + ~Ay' + jo, Ay’ + j(Ado, - Aw,) - y' +

x, o —5 o-x. —7 — —r0 dr
e Linearized rotor space vector voltage equation in LAPLACE domain:

I"r’ 1_0- - rl: . — . [} N . ! -
0=-— Ay + —+ jw,o+s Ay’ + jy OAa)S —jy OAa)m

x, o —° o-X, —r = —7

A 4+
oammy*
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7. Dynamics of induction machines
Linearization of torque equation

Decomposition of complex space vectors in a-b-components:

A%S (T) - AWSCZ (T)+ jAl//Sb (T) %SO =V¥s0a T j'WSOb
Ay’ (7) = Ay, (7) + jAy,,(7) V' o =Vroa T J Wrob

Aﬂs (T) - Ausa (T) + jAqu (T)

do, l-o

Ty d = ) (st .l//;'a ~VYsa 'Wi’ﬂb)_ms 0=
T o-Xx,

l-o

! !
) (WsOb "Vroa —Ws0a "¥rob ) — My
(O Xh

= Cancelling of equilibrium condition and linearization, e.g.: Ay, -Ay,, =0
dAw,,

l-o (
dt o X,

112

7, Wsoh AW ra + AW g Vioa = Wsoa - AWy — AW sy - Wiop ) — Amg

= Laplace-transformation ( Aw,,(0) =0):

l-o

~

) (WsOb ) Aw;a + W;Oa - A l);sb ~Ys0a - Aw;b - W;Ob ) AWSG )_ Ams

S'TJ'AOT)m =

O"Xh

L7/ ] 1\t
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TECHNISCHE
UNIVERSITAT
DARMSTADT

7. Dynamics of induction machines
Linearized voltage equations in a-b-components

N
r r, 1-o
~ ~ S . ~ . ~ S ~1
Au = + jWy + S -AKS+JKSO-A0)S— : 'Aﬂr
O - X X, O
_orl-o  _ 7, _ O _
O:———Aws + -+ jo,o+s |- Ay r+]Kr0Aa)S _]Kroﬁwm
X, O o-X, —

R _ _ . r l-c  _,
Ausa = TS5 'AWsa — Wy 'Ast —Vsob 'Aa)s - ) 'AWm
O X X, O

v r, 1-o
~  ~ S y - = S !
Ausb = TS5 'Ast + Wy 'AWsa T¥50a 'Aa)s — ) 'AWrb
O - X X, O

'
v, 1—o v
O:_——AWSCZ+ . '+S ‘Awra— FOAWVb_WVObAwS+WFObAwm

!
r. 1—-o 7
O:———Awsb+ -+ ‘A%berro‘A%a+%oa'4‘0)s—%oa‘Awm

)
S
-
~
;:lllm‘i‘
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7. Dynamics of induction machines
Laplace matrix equation system of induction machine:
Linearized, in synchronous reference frame

TECHNISCHE
UNIVERSITAT
DARMSTADT

v r(l-o
S+GSX — W —Sé_—x) 0 0
TAs “Ah
v r(l-o
- gD 0 _nd=ao)
o X, o - X,
!/ !
I"(I—U) I '
— -t 0 S+ r’ — Wy Viob
o X, o-X,
! !/
7‘,,(1—0) rr 4
0 o W,y S+ , — VY04
o X, o-X,
! !/
1_0Wr0b _1_O-l//r0a _I_GWSOID 1_Gl//sOa g
o-X, Ty o-X, Ty X, T; O-X, T,
. S -

Ay,

~

Ay g,
AY,,
Ay,
A

m

(#)

(V)

(N)-(F) = (U)

Aﬁsa TWs0p ACT)S
Aﬁsb ~W¥s0a - A&/)s
l//;fOb | Aajs
- l//;an ) Aa\js
i,

[

(U)
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7. Dynamics of induction machines

Linearized model: CRAMER's rule for calculation of Aw,,(S)

TECHNISCHE
UNIVERSITAT
DARMSTADT

(Z) =

0

-0 v,

O-X;, Ty

(N)-(¥) = (U)]

r.(1-o0) _ _
— Wy - 0 Ausa TWs0p Aa)s
O - Xh
1- _ _
S+ s 0 _rS(—O-) Ausb ~Ws0a - Aa)s
O X, o Xy,
0 S+ r , — Wy l//;fOb ) A&J)S
o X,
r.(1-o0) v, , _
- Wy S+ : , ~Y0a - Aa)s
O Xy X,
_I_Gl//;an _I_JWSOb I_GWSOCZ _Anjls
U'xh TJ th TJ O xh TJ TJ
Induction machine "system response™ for speed:
e — Det(Z) _ f(4u,,,Auy, Ao, Am,)
" Det(N) Py(s)
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7. Dynamics of induction machines ECHNISCHE
Transfer function at no-load for small resistances & UNIVERSITAT
not too small frequencies > 0.5 f
_ , r,=0:
e Small resistances: 1, <<1, 1. <<1 . ¥
Lo SG
e Not too small stator frequencies: w,, >0.5...0.6 G
Xh
e Chosen equilibrium point is no-load operation: Uy Xs <
Stator voltage space vector chosen as real:  u g =gy, = Uy v \
@) :Oﬂiro =0: ZSO :xsst’K’ +0 :xhzso :(xh/xs)°%
g : r, 1-o v, l-o 7, ,
U= viw s =2 O=—"L— .y + +jw,g |-
Zs0 (O-'XS .] SOJ l)” s0 Xh o —I’O xh o KSO EO"X’, .] }”Oj W 70
-0 _ 3 _ U0 _ . / Xp
Vo =Y. Uy = ]C')SOKSO %SO =—J =Ws0a T J Vsob Vo=7- Yo
Wy Xy
_ _ Uy X
Vs0a =05 Wsop == W;Oa =0, l//;fOb =——1 Uso
@s0 Ws0X
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7. Dynamics of induction machines TECHNISCHE
Characteristic polynomial of linearized transfer function DARMSTADT
(1) ry,=r
: L 1 g 1 v 1
(2) x, = x,.: short-circuit time constants: = = = ~ =
Ty OX, T,y O-X. T,
(3) not too small stator frequencies r, << w,yx (e.g.:L :1033 =0.1)
(4) usually small resistance r, << x,, 7, << x.. c
e Characteristic polynomial:
_ ) _ ) _
1 1 ) 1 2
Det(N)=F(s)=(s+—)||s+— | +o, | ||s+— | +w;,
Ty T 27, ’
Pi(s)=(s—=51) (s =585) (5 =53)(5=54) (5 —55) |
S1=——— J W
1Y ! ! 7o
e NOTE: (S-I——J +a)fo:(s+—+j-a)soj-(s+——j-a)soj 1
To To Ts Sa :_T—"']'a)so
(o2
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7. Dynamics of induction machines TECHNISCHE
Roots of linearized electromechanical transfer function in s-plan DARMSTADT
e Five roots of P.(s) = five poles in s-plane: s; =—0; + 04 S4=—0 —J0g,
Im S3=—03
A @ —plane : .
los 8§y =—0, T JWq 2 S5 =—0, —JWq 2
o2 e Mechanical system natural frequency:
» Re
1-0,2 >
1-0,8 a)d,2 = . . M) _—2
TJ O-‘XS a)SO (2’[0)
1 1
O =03=—| |0y ="— W1 = Wy WDg2=0f m
Ty 27,

e Poles s,, s;, s,: DC components in current and flux = torque and speed oscillation
with stator frequency.

e Poles s,, s;: “frozen" rotor flux = "synchronous"” machine phenomenon!
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7. Dynamics of induction machines
Mechanical system natural frequency

¢ “Frozen" rotor flux = "synchronous" machine phenomenon!

2
e Per unit values: W, = . .1_0_{”50] _%
(No-load, r, ~ 7/ << x, = x.. ) ty 0%y \(%s0 (275)
o) 2
3p~ 1-0 [ Uy 1

e Physical units: -Qd — -
- J o-L. |02, (2T, )

My P .UZ.I__G

e Breakdown torque at R, =0: M, ==+ < _
_ 9) 2 ol m =3
(of KLOSS-function) (Ph <
0, = 2pMy, 1 Valid for small signal
d,m J 2 at no-load operation!
(275)
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7. Dynamics of induction machines
Mechanical system natural frequency for small signals

¢ “Frozen" rotor flux = "synchronous" machine phenomenon!

2pM 1
e Induction machine: |02, = P7h _ 5 aM,| _2M,
(No-load, 7, =1/ <<x, = X,.) J (2T5) ds le=o  Sp
| o - p-leg]
e COMPARE: Synchronous machine (without damping): (2; = = T

At no-load equilibrium: ¢q = —0M, /819‘920 = _MpO

-M
e Synchronous machine (with damping): €2, ,, = \/p JpO —g? a=1/T

(No-load) p- MpO 1
r, <<1 Qym= \/

A 4+
oammy*
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TECHNISCHE

7. Dynamics of induction machines

UNIVERSITAT
Calculation of natural frequency of induction machine DARMSTADT
Example: 1500
) ) ) 110 kW, 4-pole motor
110 kW 4-pole cage induction machine: - P
At
r, =0.024,7/ =0.019, x, =2.95,x/. =2.9, x, =2.78,0 = 0.094,
7, =155.5 500 T,
' ' 2
r:rszrr:O.OZZ,xzstrxr=2-93,U:1_%:0'1 0 ‘ 11| Kﬁa- ______
.x 0.1-2.93 |
Ty = A =13.3 ~500
r 0.022
T, =7, /oy =13.3/(2750) = 42.3ms 1000 - P X
= = T, ~140ms [¢*> X
U 1, Wy 1 -1500 ! ! . . .
1,0 1,5 2,0 2,5

|t 1-0d (1)2_ L o13s
“27\1555 0.1-293 (1) (2-13.3

fum= Sy @32=50-0135=67THz, T,=1/6.77=147.7ms Ar=5-(2T,)=5-2-423ms =423 ms
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TECHNISCHE
UNIVERSITAT
DARMSTADT

7. Dynamics of induction machines
Equilibrium point: d./d-=0

Rated operation:

o , vy 1-o
Uso = ox, 050 |V X, o Y ro Ugp =Usy =1 W50 = Ogy =1
O__rr' -0 N v b o —0) |- - W50 = O =1 =0y = Slipy
sN O—.xs L_sN xh o LN
e Selected equilibrium points at: _r 1-0o B :
: O__xh. o LT o X, TSN Yy

!
Y o =¥ .y @m0> @s0 - Y 0> 4s0

_ L (o, , Rated rotor flux linkage:
Yo~ 1_0-' X! J ! (@50 = @po) YN B r -l—a.u .
1 y' o= W o
s : f's 170 N 2
u = + a) . —_———— . ! _ !
—s0 (o“xS / SO] Y50 X, O Y v ”S.ri’.(l 6) —( rr, +j.SlipN)~£ s +jJ
X, X (o O "X, O X

!

e Example: No-load as equilibrium point with rated rotor flux linkage: g’ro =Y @m0 = @0
1 Xp ' Xg ' T . T l-o

v =y =—y U= +J O ——— —— | W ~

=0 g x. =N x, =N TS0 Gy Yox, o |0 e
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7. Dynamics of induction machines
Calculation of natural frequency of induction machine

Example:

30 kW 4-pole cage induction machine:
r,=r.=0.03,x, =x,. =3.0,0 =0.0667, 7, =75

. _ox,_00667-3 o -

A 0.03 "

TSU

=1 ,=7,,/0y =6.67/(2750)=21.2 ms
Operation point (= equilibrium point): u,y =1, o,y =1:

2
1 1-0.0667 (1 1
;= |— i =40.238
4,2 \/75 0.0667 -3 (1] (2-6.67)

fam=[n ®4,=50-0238=11.9Hz, T, =1/11.9=84ms

=0.075
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7. Dynamics of induction machines
Small-signal transfer function for varying stator frequency

r,=0.03,7:=0.04, x, =x, =3.0,0 =0.0667,7;, =75  (analytical)

01T ~0,095 (~0.075)
52 02 ~0,22 (~0.238)
- u ~
0 05- sO sO
-0.1 U-firamp of inverter
I Ugo 3
/ 0,6 CUSO SO
Source: O | | | | | : | | >
H. Kleinrath, 01 0,2 0,3 0,4 0,5 0,7 1,0 2,0

Archiv f. Elektrotechnik '

e Variation of damping &, and natural angular frequency @, , with varying feeding stator
frequency w,, and constant rated rotor flux linkage ¥',, =¥,

e No-load machine operation m =0, @, = @, , Slip = 0.

= WEAK DAMPING AT LOW FREQUENCY, if machine is not controlled !

ZSO z‘]a)SO %SO
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TECHNISCHE
UNIVERSITAT

7. Dynamics of induction machines

Small-signal transfer function for increasing stator resistance r, DARMSTADT
~0.22 4
02 017050005 wd,2 ©d.2 Unstable operation =

increasing amplitude

0,05+0,1
Ws) = ]_ Source:
—— H. Kleinrath,
Archiv f. Elektrotechnik
0 I — >

| | | | | |
0,03 0,1 02 03 05971, 2,0 I's

e Variation of damping &, and natural angular frequency @, , with varying stator resistance r
at rated stator frequency w,, = 1 and constant rated rotor flux linkage ¥, =¥,

e No-load machine operation m,=0, @, = o, =1, Slip = 0.
= UNSTABLE OPERATION AT BIG STATOR RESISTANCE !

s
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7. Dynamics of induction machines

Starting machine at no load, constant stator voltage & frequency <= PARMSTADT
a) directly

B ©m r, =0.03,7. =0.04, x, = x. =3.0,

wWm 1 IMe
o =0.0667,7;, =75
-2 ” A
0’5_ 1 N N
i 16 e b) with 13-fold increased stator
o UAT resistance
0 107 20m T 30m ry =13-0.03=10.39
| U U —» 7 and by 1/3 reduced
@m rotor inertia: 7, =75/3=25.
o 1_—3 Me Reduced breakdown torque:
L N Negative (1-0.39)2 1.6 = 0.56
damping!
-1 Speed oscillation
0 . ‘/amplitude increases =
0 20 11 407 60% UNSTABLE operation
— T )
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7. Dynamics of induction machines
Measurement of instability at big stator resistance r,

3 x6kV, 50 Hz Induction motor Cage induction motor
& Switch S atno-load  with deep bar rotor
’ ‘ P ‘ 6 kVY,3500kW, 415 A, 50 Hz
// e Z,=835Q,2p=4
Variable R, =0.0426 Q (20°C), r, = 0.0426/8.35 = 0.5%
resistance R, No-load current: [, = 74.2 A

First reported measurement in history of induction machine instability
(BBC, Mannheim, Germany, 1969):

- Direct no-load start up of the induction motor at the 20 kV-grid with a 20kV/6 kV-
transformer at closed switch S. Transformer impedance X; ~ X helps to stabilize!

- Opening of the switch S after completed start-up at no-load speed

- Measurement of the 50 Hz-no-load current i (¢)

ar*
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7. Dynamics of induction machines
Measured stator current with a big stator resistance r;

Envelope of 50 Envelope of 50 Hz current plus low-frequent
Hz current N W” Il/switching transienj[ 9
[| 7o, r=7T0A T 1,=326Hz Ry =3.23 0
;,t‘.l,r,..,f.,.”,,..,,,ll.,f,

20 ms 0 5 10 15 ; 20s
switch S/v I 4

opened\MMMMMMWNW
51[04[": 70A f,=2.91Hz R, =3.97 Q
0 5 10 15 190 ‘i
I

Stable
operation

R,/IR,=75.8
r,+rn,=0.39

Zero damping
= Limit of

stability:
R, /R, =93.2
r,+r,=0.48

Source: BBC, Mannheim,
Germany
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7. Dynamics of induction machines S ecniscne
Measured unstable no-load stator current 7/ UNIVERSITAT

) ] ) DARMSTADT
with a big stator resistance r,

/Experiment terminated due to big
noise of the motor, caused by

switch S | | mechanical vibrations
opened |
\
U R,/R, = 104.2
1, = 704 f,=276Hz | R,=4.44Q
L J' T T T T S R | T T 1 (E— T 1 rS+rV=O54
/! 0 5 10 155
20 ms e -
Source: BBC, Mannheim,
Germany
BBC 98082 ,
é
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7. Dynamics of induction machines SIS e E
A serial inductance x_ (= a ,,real” cable®) helps to stabilize DARMSTADT
ﬂ.3 T T T T T T T [ T T T T T T T T | T T
Motor no-load operation o = 1 : . T Damping 4,
025 ......... ....... ...... ..... ........... xc /rc — O ..... 017 ..... ..... Eigenfrequenc&" Mdrz |

0.2 — ........... ......... 068 ..... ...... r, =0.03,r =0.04
. LT . ST NN

0,15 |t T~ S S 0 O ]
I s N o =0.0667,7, =75

0.1

0.05

Damping and BEirenfrequency

v

-0.05

0.03 10 Stator registance r, 10

e Four long cables investigated with parameters: r,, x, = {0, 0.17,0.34,0.68 } v,

e Stator side resistance & inductance vary as:
r, =003+7r x,,=0.102+x,

e Proportional to cable length: 7, ~ x, ~

unstable stable
operation
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Energy Converters — CAD and System Dynamics

Summary:
Linearized transfer function of induction machines in
synchronous reference frame

- Small signal theory for transfer function Aw,, = F(4u,, Aw,, Am,)
in LAPLACE domain
- Short-circuit rotor cage and related flux time constant explain
“synchronous machine” effect
- Weakly damped oscillation at U/f-control ug ~ f, and low speed f, <<f
- Unstable operation at strongly increased stator resistance r,
- Speed control stabilizes the unstable or weakly damped oscillations
of the induction machine
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Energy Converters — CAD and System Dynamics

7. Dynamics of induction machines
7.1 Per unit calculation
7.2 Dynamic voltage equations and reference frames of induction machine
7.3 Dynamic flux linkage equations
7.4 Torque equation
7.5 Dynamic equations of induction machines in stator reference frame
7.6 Solutions of dynamic equations for constant speed

7.7 Solutions of dynamic equations for induction machines with varying
speed

7.8 Linearized transfer function of induction machines in synchronous
reference frame

7.9 Inverter-fed induction machines with field-oriented control
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7. Dynamics of induction machines TECHNISCHE
Inverter-fed cage induction machine with air-air cooler DARMSTADT
Inverter
Source: i
Siemens AG Induction
motor
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7. Dynamics of induction machines
Variable speed operation of induction machine

TECHNISCHE
UNIVERSITAT
DARMSTADT

arid (a) voltage source inverter . ior (b) current source inverter

U grid Ig tor
Ro— T d— 1 ou Ro— ~ | w1 _ }oU
o 0 W ) ] ARG e N D
dec-link dc—link
rectifier inverter controlled rectifier inverter

| Uy: DC link voltage || 13: DC link current I

motor break down sllp, atrs=0: motor break down sllp, independent of rs:

spy =—2—=0.1..02. Sps =2 =0.005...0.02

o X, X,
Motor can operate without control within Motor operating in unstable slip range > s,
sliprange O ... s, Control is needed for stable performance.

‘s
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TECHNISCHE
UNIVERSITAT
DARMSTADT

7. Dynamics of induction machines
Voltage-fed induction machine at R, = 0 (HEYLAND circle)

!
;U [-Uo) R 1
=S [} e/
X, \—s-0-X,+ JR, o
Current phasor locus at U, = const.
Re
‘.  SbU A = s .UZ.I—O'. s-R.-X,
{_.—}E € Q S X Rl2 X! 2
U Sopt 7 .. : syn s r +(S°O'- ,,)
—SA i |
/7 Stable _ R
" abie 5 Break-down slip: sy = ——
-~ / Motor o X,
Im s=0 , §= .
o | M = o Maximum cos¢ at:
" Generator R
\'\ i SOpt — —r
| \VO - X;,
ey R.=0 is in the stable area of
Ty Heyland circle rising torque with slip
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7. Dynamics of induction machines
Torque-speed-curve of current-fed induction machine

TECHNISCHE
UNIVERSITAT
DARMSTADT

Rg iXs, Xr Ry /s
o_>_;: e - Impressed current [, so change of voltage drop
Usl U iXn Al (RS + ]XSO-) . ls
I of no influence on current locus !

!

. R, .
JX '(TF+JXVG

j_, Xy R+ )5 Xy

U, =1._- ’ = Ps=M,-Q2
~h =5 . Rr - =s R,',+j-S-X;, syn —
JXp+—+ X6
S
X (RI_ ‘X' ) 12‘X2‘ ‘R’
U |] |2 I’l J r N ro Re@ [*}: S h S r
= R.+j-s-X, hos R,’,2+(S-X,',)2 M\b I, = const
2 '
m X -s-R aM R!
Me:QS . ’2h l: 2]3 € :O:Sb,]:—’::U‘Sb,U / M (n)
syn Rr +(S'Xr) ds X” >
b,1 H
sps ~0.1-5 1y ~0.005...0.02
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7. Dynamics of induction machines 25 TecHnische
. . . 6 UNIVERSITAT

Current-fed induction machine (R, = 0)

DARMSTADT

Voltage phasor locus at /, = const.
 Sp1 Re
P '—.—>§ N opt
le = , /
Stable U @ ¢, = R, << R, sy Much smaller than
Motor b.I X, oX, atvoltage-fed machine
s=0 M § =D
X -1\  Jo Xy Ls== |0 oc-1)-R
Im J%s L5\ Generator | R U.=X.-1_- ( )R, +j-o
. : _S S =S [} 1/
| —-s-X,+JR,
| Maximum cosg at:
N, ,
Z Sopt =
' _Sb,I Opt 4
Vo - X,

is in the unstable area of
falling torque with slip
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7. Dynamics of induction machines TECHNISCHE
Voltage vs. current feeding of induction machine DARMSTADT
(a) voltage source inverter (b) current source inverter
grid motor .
Uq grid I motor
R » T = /U Ro{ ~ - mmms{_ }oU
N dc—lmk‘ de-link
rectifier inverter controlledrectifier inverter
Is Rg iXs, Xr R /s I Ry Xs, Xy, R,/s
°—>—|:‘ — . ;." o—>—|: e
Us Xn Al Us| No influence on motor [l JXh Al
power conversion
Im
N cosg high low
ion M
Impressed Operatio b,/zs -const. Impressed
voltage current
M
) 7, M(I’l) v,
IN o X, Sp Xy
0 n Ny,Sp nN Io n H
0 t t + } } syn
10 08 06 04 02 sNO

<4— S
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7. Dynamics of induction machi
Voltage vs. Current source inve

nes
rter

| Voltage source inverter I

Stator voltage is pulse width modulated
voltage pattern

Current source inverter I

Stator voltage: Sinusoidal due to induction
by machine flux, which is excited by
impressed currents

Stator current nearly sinusoidal with ripple
due to voltage switching

Stator current consists of 120° blocks
(six step current mode).

Grid side: Diode rectifier - no power flow to
grid ! For electric braking chopped DC link
brake resistor is needed
(Costly alternative:

Grid side PWM converter)

IGBT-power switches: Power range 0.1 kW
... 10 MW, voltage < 6000 V. Bigger power

rating with IGCT- or GTO-power switches
up to 30 ... 50 MW with medium voltage

Grid side: Controlled thyristor bridge for
variable rectified voltage Uy for adjusting

positive I, > 0. At Uy< 0, a> 90°
regenerative brake power flow U ;/,; <0
to grid is possible.

Thyristor power switches: Big induction
and synchronous motors (1 ... 100 MW),
World-wide biggest motor:

100 MW in NASA centre /Langley/USA,
super wind channel
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TECHNISCHE
UNIVERSITAT
DARMSTADT

7. Dynamics of induction machines
Variable speed operation of synchronous motor (1)

Current source inverter operation

NASH NASA Langley

o, e Research Center,
Hampton, Virginia, USA

Synchronous 12-pole
motor as wind tunnel
drive

100 MW, two thyristor
current source inverters
in parallel: 2 x 12.5 kV

36 ... 60 Hz
360 ... 600/min

Source: ABB, Switzerland
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7. Dynamics of induction machines TECHNISCHE
Variable speed operation of synchronous motor (2)

DARMSTADT

Current source inverter operation

NASA Langley Research Center - National Transonic Facility - Drive System

NASA

12-pole synchronous
1 x100 MW, 2 x 12.5 kV salient pole motor
360 .. 600 rpm

Mgyn,max :fs,max/p = 60/6 =

Drive Motor for a Wind Tunnel 10/s = 600/min

Test Section:

Length : 7.6m
Area . 2.5x
2.5m
Total Length
Windtunnel : 150 m
ABB Power Generation Ltd. “\==== Source: ABB, Switzeriand

KWHT HYDRO_ 1/ 98-09-16/DS
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7. Dynamics of induction machines
Principle of field-oriented control (1)

Decomposition of stator space current vector i in torque- and flux-generating
component (F. BLASCHKE, Erlangen & K. HASSE, Darmstadt, 1969)

Main flux excitation y;, by stator and Torque generation in induction
rotor current space vector machine by main flux and per-
( = magnetizing current i) pendicular current component i,

Im

L7/ ] 1\t
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7. Dynamics of induction machines TECHNISCHE
Principle of field-oriented control (2) DARMSTADT
Main flux excitation y;, by magnetizing Torque generation m_ by perpendicular
current via main inductance current component i, via total leakage
inductance
O]
N e
| ,
) @X@ L%

xh ® O-.xs

li—s
23
(L

I
I
|1

Sl

g

oammy*
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7. Dynamics of induction machines o

Principle of field-oriented control (3)

e Torque generation m,:

m, = Imts -gz }= Im{QS: +£SJ—).%Z }: Imtu ‘KZ }: L1 “//Z

e Long time constant for changing y: 7=x,/r, =(x,, +x,)/7,

e Short time constant for changing i |:

Ty =0 X, /T,

e By decomposition of the stator current in a flux exciting and a torque generating
component, the control via an appropriate stator voltage space vector ug
a)

can keep the flux exciting component i_ constant ( = constant main flux y,)

b) can vary the torque generating component i, = variable torque.

e As b) changes very fast with short circuit time constant

- Wwe get a dynamic torque
variation = Field-oriented control principle of Blaschke and Hasse (Germany, 1969)
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7. Dynamics of induction machines
Comparison of speed control of DC and AC induction machine

Txpe of machine I DC machine Cage induction machine
Fixed main flux I‘ Seearatelx excited main flux @I‘ Main flux Iinkage Vi I

Long flux time Field time constant L;/R; Open-circuit time constant
constant X, /¥,

Torque changed by Armature current i, Flux-perpendicular current
space vector component

Lol

Short time constant §J| Armature time constant L,/R, l| Short-circuit time constant
for torque change o-x, /1,

qii
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7. Dynamics of induction machines TANISEE

Rotor flux linkage space-vector from stator quantities DARMSTADT
2 *auy)

uyw Ug=—-WUy ta-uy +a -uy
Uo—1 , [ _
Vo N | / M O — (MW‘l‘a uW+a2 UW)
‘ ‘ {klvw 3 )

Wo

2 2
Y U, = 5 (”U —uy +a-(uy — ”W)) g(uUW +Q'UVW)

iU ly
2 2
iy +iy +iy =0 I Zg'(iU +a-iy +22 'iW):g'(iU '(1—22)+i1/ '(Q—Qz))

=S

From stator voltage and flux linkage equations in stator reference frame we get:

u, =ri +dy _|dr)

. .f xh ] . d%r . dlS x;"
W =X, txpl, W o =—Cy +0-Xg0, = 7 U —Fg L —O Xy — |- ——
T dr ) x,
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TECHNISCHE
UNIVERSITAT
DARMSTADT

7. Dynamics of induction machines
Rotor flux linkage space-vector from stator & rotor quantities

U .
Measured stator current space vector is transformed
M n into rotor reference frame: Rotor speed sensor is

V o— I
Wo \/ needed ! :
' () =lggy e Ot

ls(r) —2s(s) €

n
iy 1y
\
O—rr —r(r)+dwrr /dt dl)ﬂ | .
’ - = ' =2
Z @y =s(r)
Z’r(r) ~ X —S(r) + X, _r(r) dr T, r(r) T,

- Rotor flux linkage is derived by inte /gratlng stator current space vector via rotor
open circuit time constant 7,, = X,

- Due to PT,-performance no integration error will occur, so rotor flux linkage may be

determined at any arbitrary speed, e.g. also n = 0.
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7. Dynamics of induction machines
Rotor flux linkage space-vector depends on r, !

73 TECHNISCHE
G/, UNIVERSITAT
7> DARMSTADT

We assume stator current space vector to be stationary rotating with stator frequency «,

; —_ ] T ; j'(a)s_a)m )'T — . j'a)rT
ls(s) - — ls(r) =g € —lg-€

dy'’ .
Differential equation: _——"(") 1 o =2 al, el

dr r, —) ¢
Solution in rotor Xyl iy Xyl jor
. (7) = (0) - e T+ e’
reference frame: _r(r) —r(r) 1+ jo,r, 1+ jo.z,
, Xp -1 i — .
Stationary solution 7 — c«: (¥ (7)= ) . e/ (O On)T
—r() 1+]'(a)s_a)m)'xr/rr

e Stationary solution possible without any integration error also at low speed o << 1
e Flux linkage amplitude and phase angle depend on r..

e Only at no-load @, = @, no influence of r..

27711\ 3o
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7. Dynamics of induction machines .
Determination of rotor flux linkage '

for field oriented control

a) from stator current and voltage:
- At high speed voltage is big and can be measured with high accuracy.

- At very low speed voltage is very low. Measurement errors such e.g. offset
will be integrated to big values, so at low speed this method is NOT useful.

b) from stator current and rotor speed:
- Flux linkage may be determined at any speed, e.g. also n = 0.

- In cage induction machines it is difficult to determine on-line rotor resistance,
which may change between 20°C and e.g. 150°C by 50%:
Thermal model of the machine is needed.

s
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UNIVERSITAT
DARMSTADT

Energy Converters — CAD and System Dynamics

Summary:
Inverter-fed induction machines with field-oriented control

- Voltage source inverter much wider used than current source inverter

- Field-oriented control utilizes separation of current space vector into
flux-parallel and flux-orthogonal component

- Flux-parallel component magnetizes main flux = long time constant

- Flux-orthogonal component magnetizes stray flux = short time constant

- Fast change of torque via fast change of flux-orthogonal current

- Dynamic change of torque via field-oriented current space vector separation

‘s
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